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Abstract

Conventional self-supervised methods learn well-clustered representations by enforcing in-
variance to data augmentations, but offer limited control over how factors of variation are
organized in feature space. Recent methods seek to impose greater structure on the feature
space by learning representations that are equivariant to data augmentations. However,
existing approaches face two limitations: (i) the invariance objective can interfere with
equivariance learning; and (ii) global rotational equivariance can constrain representations
from different semantic clusters to a parallel configuration. To address these limitations,
we introduce Cluster-dependent subspace Rotational Equivariance for Disentanglement
(CRED), which decouples invariance and equivariance learning through two-stage train-
ing. The first stage uses invariance-based training for semantic clustering, and the second
learns cluster-dependent rotational equivariance in mutually orthogonal two-dimensional
subspaces. We establish conditions under which this construction yields exact disentangle-
ment of augmentation-induced variations. Empirically, CRED achieves near-perfect scores
(> 0.99) on all three DCI metrics after post-processing, using random forest evaluation
across four synthetic datasets. On three real-world datasets, it outperforms all evaluated
baselines on all four equivariance and disentanglement metrics.

1 Introduction

Learning disentangled representations, in which factors of variation in the data are encoded in distinct
components of the feature space, is a fundamental goal of representation learning (Bengio et al., 2013;
Hinton & Salakhutdinov, 2006; Higgins et al., 2018; Locatello et al., 2019; Weiler & Cesa, 2019). Such
representations can improve interpretability (Chen et al., 2016), generalization (Lachapelle et al., 2023), and
sample efficiency (van Steenkiste et al., 2019), while facilitating controllable generation (Ren et al., 2021)
and transfer learning (Xiao et al., 2021).

Traditional approaches to disentangled representation learning include fully and weakly supervised methods,
which rely on factor labels or auxiliary supervisory signals (Reed et al., 2014; Cheung et al., 2014; Shu
et al., 2020; Locatello et al., 2020), and unsupervised latent-variable methods that encourage statistical
independence among latent variables (Higgins et al., 2017; Kim & Mnih, 2018; Chen et al., 2018). The former
depend on external supervision that can be costly to obtain at scale, whereas the latter favor statistically
independent latent variables, a bias that may be unsuitable when the factors of interest are dependent.

Data augmentations provide a source of self-supervision by relating transformed views of the same observa-
tion, without requiring factor labels. Conventional self-supervised methods (Chen et al., 2020a; He et al.,
2020; Tian et al., 2020; Wu et al., 2018) enforce invariance to these transformations, producing well-clustered
representations but offering limited control over how factors of variation are organized in the feature space.

Recent self-supervised methods have sought to address this limitation along two main lines. The first seeks
to capture distinct factors of variation by tailoring contrastive objectives to different data partitions (Wang
et al., 2021) or by using augmentation-specific representation branches with different invariance constraints
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SimCLR CARE CRED

Figure 1: Feature trajectories traced out as each of three input images rotates. Each color corresponds to one
input image. SImCLR. (Chen et al., 2020a) forms uniformly distributed clusters with irregular trajectories.
CARE (Gupta et al., 2024) is sensitive to the relative weights of its invariance, uniformity, and equivariance
terms: the shown settings produce collapse, irregular trajectories, or circular trajectories in parallel planes
with unequal radii. CRED (ours) forms uniformly distributed clusters with circular trajectories in planes
whose orientations vary across clusters. Appendix B.1 gives the setup and results for a non-cyclic setting.

(Xiao et al., 2021; Eastwood et al., 2023). These methods encourage factor separation through invariance
constraints, without explicitly modeling how features transform under augmentations. The second turns to
equivariant representations, in which input transformations induce corresponding transformations in feature
space (Dangovski et al., 2022; Devillers & Lefort, 2023).

However, some existing equivariance-based disentanglement approaches focus on single-cluster manifolds
(Shakerinava et al., 2022), while others require cluster-related invariant information and variation-related
equivariant information to be encoded in separate components of the learned representation (Garrido et al.,
2023b; Marchetti et al., 2023). To address these limitations, we introduce Cluster-dependent subspace
Rotational Equivariance for Disentanglement (CRED), a framework for learning multi-cluster equivariant
representations on a single hypersphere. Within the broader literature on equivariant representation learning,
CRED is most closely related to CARE (Gupta et al., 2024), which shares this representation setting but
does not target disentanglement.

CRED departs from CARE in three substantive respects that collectively enable disentanglement. First,
CARE jointly optimizes invariance and equivariance objectives for the same augmentations on a shared rep-
resentation. The invariance objective pulls the embeddings of augmented views of each sample together on
the hypersphere, competing with the nontrivial feature variation needed for equivariance-based disentangle-
ment. Figure 1 illustrates the geometric challenge: SimCLR and some CARE loss-weight settings produce
irregular, noncircular feature trajectories. CRED eliminates this interference through a two-stage training
scheme that first uses an InfoNCE-based invariance objective (van den Oord et al., 2018) to learn represen-
tations for semantic clustering and then dedicates the second stage exclusively to equivariance learning.

Second, CARE (Gupta et al., 2024) requires each augmentation instance to induce the same orthogonal
transformation across all samples. Under the conditions established in Appendix D.1, this shared action
confines cluster representations to parallel affine subspaces, as illustrated in Figure 1. CRED uses cluster-
dependent rotational coordinates, allowing subspace orientations to vary across clusters.

Third, CARE learns rotational equivariance implicitly through a similarity-preserving objective, without
explicitly parameterizing a subspace decomposition for augmentation-induced variations. Discovering mu-
tually orthogonal subspaces for distinct variation components is therefore left to optimization and can be
challenging in practice. CRED instead models augmentation-induced feature transformations explicitly via
the action of a direct product of SO(2) groups on mutually orthogonal two-dimensional subspaces. Each
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group acts only within its corresponding subspace, allowing distinct variation components to be encoded
through separate rotation angles.

Building on this structure, we establish conditions under which the proposed model achieves exact dis-
entanglement with respect to orthogonal augmentations. We further establish strong disentanglement by
preventing angular wrap-around: within each cluster, each non-cyclic variation component admits a single-
valued, strictly monotonic angular readout over its full range (Proposition 3). We also identify sufficient
conditions under which the distinct variation components induced by a single augmentation are disentangled
across their corresponding representation subspaces. Unlike the group-theoretic formulation of Higgins et al.
(2018), our theoretical analysis does not assume that the underlying data transformations form a group.

CRED achieves near-perfect scores (> 0.99) on all three DCI metrics (Eastwood & Williams, 2018) after
post-processing, using random forest evaluation across four synthetic datasets with ground-truth factors of
variation. For real-world datasets without such annotations, we combine equivariance measures with two new
disentanglement metrics, Mean Overlap and Mean Domination, to assess representation structure beyond
conventional linear probes. On three real-world datasets, CRED outperforms all evaluated baselines on all
four equivariance and disentanglement metrics.

Our main contributions are as follows:

e We develop a two-stage training framework that decouples invariance and equivariance learning, elimi-
nating interference from the invariance objective.

o We identify the geometric constraint behind parallel cluster configurations under global rotational equiv-
ariance and remove the requirement of a common orientation through cluster-dependent rotations.

o We introduce an explicit subspace rotational model that provides direct control over how augmentation-
induced variations are organized in feature space.

e We prove that CRED achieves strong disentanglement of augmentation-induced variations under sufficient
conditions, including cases where a single augmentation induces multiple variation components.

¢ We introduce two metrics, Mean Overlap and Mean Domination, to assess the disentanglement of
augmentation-induced variations on real-world datasets beyond conventional linear probes.

2 Related Work

Group-equivariant architectures enforce equivariance through architectural constraints tied to a specified
group action (Cohen & Welling, 2016; 2017; Weiler & Cesa, 2019). Among methods that learn equivariance
through training objectives, EquiMod (Devillers & Lefort, 2023) uses an augmentation-conditioned predictor,
SIE (Garrido et al., 2023b) uses a hypernetwork to generate augmentation-conditioned linear maps, and
CARE (Gupta et al., 2024) encourages a shared orthogonal action through similarity preservation. CRED
follows this objective-based approach, but constrains feature transformations to rotations in prescribed,
mutually orthogonal two-dimensional subspaces, with a separate coordinate system for each cluster. This
gives direct control over which subspaces an augmentation can affect while allowing their orientations to
vary across clusters.

Disentanglement has also been studied in generative models, including VAEs (Higgins et al., 2017; Chen
et al., 2018), GANs (Chen et al., 2016), and diffusion models (Yang et al., 2023; Wu & Zheng, 2024). Some
generative approaches use grouped observations with shared content (Bouchacourt et al., 2018) or paired
observations sharing some factors (Locatello et al., 2020) as weak supervision to guide factor separation. A
more comprehensive discussion is provided in Appendix C.

3 Preliminaries

We consider observations x = ¢(z) generated from latent semantic factors z = (21,...,24.) € Z C R%
through an unknown invertible nonlinear map ¢ : Z — X. A feature extractor f : X — ) maps each
observation to the unit hypersphere ) = S~ 2 {y € R? : ||y||2 = 1}. The resulting representation map is
d=fop:Z ).
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For self-supervised training, we consider a set of n augmentation families A = {a;}"_,, each parameterized
by t drawn from 7,,, applied individually or in composition. With a slight abuse of notation, a € A also
denotes an individual augmentation instance or a composition of such instances; we write a(t,z) when its
parameters are explicit and a(x) otherwise. Given z = ¢(2), a positive sample 2™ = a(z) is constructed,
and we aim to relate f(x) and f(z™) through appropriate objectives.

With respect to the chosen augmentation set .4, content refers to properties preserved by all augmentations,
while style refers to properties varied by at least one augmentation. These properties may depend on
combinations of the original generative factors. Invariance learning aims to retain content information while
suppressing augmentation-induced style variation. Equivariance learning models the corresponding changes
in the representation. Our disentanglement guarantees concern augmentation-induced variations; properties
preserved by all chosen augmentations are not guaranteed to be separately encoded.

Augmentations in Invariance. Invariance learning seeks f(a(z)) = f(z) for all a € A. In practice, this
is encouraged by aligning two augmented views, f(ai(x)) = f(az(x)), where aj,as € A. A widely used
objective is InfoNCE (van den Oord et al., 2018; Tian et al., 2020; He et al., 2020; Wu et al., 2018; Chen
et al., 2020a), written in SImCLR form for a batch of N observations with two augmented views each:

2N T (ot
exp(f(zi) f(z)/7)
LinfoNCE = 557 Z —log —x : ; (1)
i=1 Zj:l,j;éi exp(f(z:) " f(z;)/7)
where x1,...,zon are the augmented views, xj is the other view of the same observation as x;, and 7 > 0

is the temperature. InfoNCE encourages positive-pair alignment and feature uniformity on the hypersphere
(Wang & Isola, 2020). Under suitable assumptions on augmentation structure and the encoder class, optimal
InfoNCE representations preserve the underlying data clusters (Wang et al., 2022; Parulekar et al., 2023).

Augmentations in Equivariance. Equivariance instead requires that input transformations induce pre-
dictable feature-space changes: f(a(z)) ~= M,(f(z)), with the natural objective:

Loquive = Ea.a [[If(a(@)) = Ma(f(@))]?]- (2)

EquiMod (Devillers & Lefort, 2023) and SIE (Garrido et al., 2023b) explicitly model the feature transforma-
tion M,. Geometric structure can also be imposed through objectives based on group invariants (Shakerinava
et al., 2022). CARE (Gupta et al., 2024), for example, encourages orthogonal equivariance by preserving
pairwise inner products under a shared augmentation.

Augmentations in Disentanglement. In the group-theoretic formulation of Higgins et al. (2018), let
G =G x - xG,act on X. Viewing Y = S% ! as a subset of R?, f is linearly disentangled with respect
to this group decomposition if there exist a decomposition R¢ = V; @ --- @ V. and group representations
pi : Gi — GL(V;) satisfying, for each i =1,...,r,

f(gi-z) = (idvl @"'@pi(gi)@”'@idVr>f(x)v Vrxe X, g €Gi. (3)

Here idy; is the identity map on Vj, so each G; acts only on its corresponding feature subspace. For our
augmentation-based analysis, we describe the separation of input variations directly through augmenta-
tion families, without requiring the input transformations to form a group. We call augmentation families
mutually orthogonal when they independently control distinct sets of variation components in the data,
with each family leaving the components controlled by the others unchanged. Each family may affect multiple
components, which need not coincide with the original generative factors. This setting is related to the active
decomposition of Shakerinava et al. (2022), which uses transformations acting on individual group factors.

4 Cluster-Dependent Subspace Rotational Equivariance

CRED decouples invariance and equivariance learning through two-stage training. Stage 1 uses InfoNCE
to learn representations for semantic clustering; Stage 2 learns cluster-dependent rotational equivariance
without the InfoNCE objective. Algorithm 1 summarizes training and optional post-processing.
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Global rotational equivariance can constrain different clusters to affine subspaces with a common orientation.
Specifically, when the shared rotation operators induce changes spanning a nonzero proper subspace V', exact
equivariance and connectivity through within-cluster augmentation pairs place each cluster in an affine
translate of V' (Appendix D.1). CRED assigns each cluster its own rotational coordinate system, allowing
these subspaces to have different orientations.

Within each cluster’s coordinate system, CRED models augmentation-induced feature transformations as ro-
tations in prescribed, mutually orthogonal 2D subspaces. Assigning each augmentation family to one or more
subspaces provides an inductive bias for disentanglement; the feature extractor f learns the representation,
and the angle networks predict the corresponding rotation angles.

4.1 Stage 1: Self-Supervised Invariance Learning for Clustering

In the first stage, we use InfoNCE to learn representations for semantic clustering. We then apply spherical
k-means (Hornik et al., 2012) or agglomerative clustering (Millner, 2011) to obtain cluster centroids {c;}
and initial sample assignments ¢(x).

4.2 Stage 2: Self-Supervised Equivariance Learning for Disentanglement

In the second stage, we learn cluster-dependent subspace rotational equivariance within each cluster.

4.2.1 Cluster-Dependent Subspace Rotation Systems

We construct each cluster’s rotation system by aligning its anchor with a common reference direction, apply-
ing rotations in mutually orthogonal 2D subspaces in the aligned coordinates, and mapping the result back
to the original feature space.

Rotation Center. For each cluster i, we define the rotation center r; as the normalized cluster centroid
from the first stage, i.e., 7; = ¢;/||ci||. The unit vector r; serves as the cluster’s rotation anchor, defining a
reference direction left unchanged by the modeled rotations. By default, we keep these anchors fixed during
the second stage, using the cluster configuration learned in Stage 1 as a reference. Optionally, we can make
the anchors learnable and add the repulsion loss in Equation (23) to encourage their separation.

Rotation Group. To model augmentation-induced variations separately, we construct feature transfor-
mations from rotations in mutually orthogonal 2D subspaces. Each planar rotation belongs to SO(2) and
is specified by a single angle. Two dimensions are the minimum needed for a nontrivial continuous rotation.
Here, the special orthogonal group SO(2) is defined as

SO(2) £ {ReR¥? | RTR=1, det(R) =1}. (4)

sing cos¢

For any ¢ € R, the corresponding rotation matrix is R(¢) = {COS ¢ —sin ¢] .

In the basic construction, we assign one rotation plane in R? to each mutually orthogonal augmentation family.
In the cluster-aligned coordinate system introduced below, family i acts on coordinates (2 — 1,24), leaving
the remaining coordinates unchanged. We fix this allocation in advance and train the feature extractor f
so that each augmentation induces a rotation in its assigned feature plane. This avoids the need for an
additional dimension-selection mechanism.

We combine these rotations in a block-diagonal matrix:
R(0) = diag(R(OM), R(0P), ..., R(0"™), I4_0,n) € R, (5)

where m is the number of rotation planes and 6 is the rotation angle in the i-th plane. We choose
d > 2m + 1, with the identity block I;_s,, leaving the remaining d — 2m coordinates unchanged. For
sequentially composed augmentations, angles accumulate within each plane.
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The same block structure allows a complex augmentation to act on multiple 2D subspaces, with a separate
rotation angle for each affected subspace (see Section 5.3).

In the basic construction, each angle network g, predicts a rotation angle for each assigned subspace from the
augmentation parameter ¢ alone. The predicted angles are shared across samples in the aligned coordinates.
Like parameter-conditioned methods such as EquiMod (Devillers & Lefort, 2023), CRED supports stochastic
augmentations when their sampled parameters are recorded. Since angles differing by integer multiples of
27 represent the same rotation, we use 7tanh(-) as the base angular parameterization, with output range
(—m, 7). The symmetric range allows rotations in either direction.

Coordinate Alignment. To use the same block-diagonal rotation structure in different clusters, we align
each cluster’s rotation anchor r; with the reference direction eq = (0,...,1). For r; # eq, we use the
Householder transformation (Householder, 1958):

T
U; U,

U; = T3 — €4, Hi:I—Q%. (6)
U; U

When r; = eq, we set H; = I. In either case, H;r; = e4. Since H; is orthogonal, the corresponding rotation
in the original feature space is H,' R(#)H;, allowing plane orientations to vary across clusters.

4.2.2 Cluster-Dependent Subspace Rotational Equivariance
In the aligned coordinates, cluster-dependent subspace rotational equivariance is expressed as

Hc(w)f(a(t7x)) = R(ea(t)) Hc(a:)f(x)v Vo € Xv a(t) €A (7)
Here, the cluster assignment c(z) := arg max; f(x)'r; is recomputed at every forward pass using the current
representation and rotation anchors. This allows the model to revise the initial cluster assignments during
training. The original sample and its augmented view are aligned using the same map H_(,), determined by
the original sample’s assignment.

The rotation matrix R(6,(;)) has the block-diagonal form in Equation (5), where Gii()t) denotes the predicted

angle in subspace i. For sequential compositions, Héi()t) denotes the accumulated angle in subspace 1.

We decompose the coordinate-aligned representation as

Hc(m)f(x) = ([Hc(z)f(x)]la R [Hc(z)f(x)]ma [HC(z)f(x)]extra)’ (8)
where each equivariant block []; € R? and the remaining coordinates []oxtra € RY™2™.

Equivariance alone admits invariant solutions: a feature block remains unchanged if the predicted rotation
is the identity or the block is zero. We therefore regularize both the rotation angles and the subspace norms.

¢ Non-Identity Rotation. For augmentation instances sufficiently far from the identity transformation,
we penalize a total angular magnitude below a small margin eg > 0 across the assigned subspaces. This
allows individual angle components to be zero while discouraging an entirely invariant response.

Ltheta = Ez, a(t)EAnontrivial |fnax <07 €9 — Z |9((174()t) |>‘| . (9)

€S,

Here, Apontrivial € A contains these augmentation instances, and S, indexes the subspaces assigned to a.
The penalty does not require the exact latent displacement induced by each augmentation. For sequential
compositions, the angular penalty is applied separately to the constituent calls in Ayontrivial-

¢ Non-Zero Subspace Norm. We encourage the norm of each aligned 2D feature block to be close to a
target radius w > 0, for both the original and augmented features:

m

Loniius = Ea [Z((I[Hcmf(w)]i/wﬂ C 12 4 ([ How Flalt )]s o] — 1>2)] )

i=1
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Since the features have unit norm, m blocks of radius w leave a residual norm of v/1 — mw?2. We choose
mw? < 1 to keep the residual nonzero. When the radius targets and the residual alignment below are
satisfied, a smaller w places features closer to their cluster anchors, supporting cluster separation.

To confine within-cluster variation to the rotation blocks, we constrain the residual components of both
aligned views to a common fixed target. Since H.;)rc(z) = €4, we choose this target along the positive
direction of the last coordinate axis, with the residual norm derived above:

Coxtra = (0,0, V1 — muw?) € R4, (11)

We combine the rotated blocks of the original aligned representation with this fixed residual to form the
target for the augmented view:

f_(xa a(t)) = ([R(ea(t)) Hc(m)f(x)hma eextra) S ]Rd- (12)
We align the original and augmented features with their respective targets using
= 2 = 2
Loauiv = Evao) ||| (e Falt, 2)) = F(z, a®)/eo]]* + || (Hew £ () = Fla,00)/w]). (13)

Here, f (z,0) is the target with zero rotation angles. The first term matches the aligned augmented feature
to the rotated blocks and the fixed residual target. Since f(z,0) retains the original 2D blocks, the second
term penalizes only the original feature’s residual error. Dividing the feature errors by w measures them
relative to the target block radius.

Combining this loss with the radius and angle penalties gives the Stage 2 objective:

E(f, {ga}) = ‘Cequiv + )\radius ‘Cradius + )\theta ‘Cthetaw (14)
5 Theoretical and Empirical Results

Here, we present theoretical results and empirical validations of CRED. The definitions and assumptions
used in the analysis are given in Appendix D.2, and the full statements and proofs in Appendices D.3-D.8.

5.1 Exact Equivariance

Proposition 1 (Perfect Equivariance). Under the assumptions of Proposition 7 in Appendiz D.3, the three
losses Lequivs Liheta, Lradius admit a common zero, which is a global minimum of the Stage 2 objective for
positive loss weights. At any such solution, the evaluated augmentation pairs satisfy exact cluster-dependent
equivariance. For each augmentation call to which Lineta 5 applied, the block rotation is non-identity and
the feature representation changes.

This is because the three losses constrain different aspects of the representation and are mutually compatible
by construction. Empirically, all three losses decrease to near-zero values, as shown in Figure 13.

5.2 Disentanglement under Orthogonal Augmentations

We now show that, under the conditions below, perfect equivariance yields a basic form of disentanglement
for orthogonal augmentations.

Proposition 2 (Weak Disentanglement). Suppose the augmentation families {a;}7_, are mutually orthogo-
nal and each acts on a single one-dimensional variation component. Fach family a; is assigned exclusively
to rotation plane i. Under the assumptions in Appendiz D.4, perfect equivariance implies that a; acts only
on the i-th feature block:

[Hc(l) f(al(t,x))]l = R(@((l?(t)) [Hc(x) f(x)]za [Hc(:c) f(az(t7x))]] = [Hc(x) f(‘r)]]a V] 7é i. (15)

Moreover, there exists a strictly monotonic function g,, on the considered parameter range such that

R(ec(z?(t)) = R(ga, (t))- (16)



Preprint, 9 November 2026

Unconstrained Rotation

Constrained Rotation

6 6
0.4 ey 0.4 e —
pe - 4 4
- 1)
0.2 2 0.2 / 2
\\ <] l/ Y ]
\ 3 / \ 3
! | 0 g ! i 0 g
0.04 | ® = 0.04 | ° =
! i c a : c
\‘ / -2 g \ 22
\ / © \ / ©
Y -l \ / -
—0.2 “ -4 -0.2+ -4
. i -6 ) x)./ -6
-0.4- @ —0.4+ --e--
T _8 T T _8
-04 -02 00 02 04 -04 -02 00 02 04

Figure 2: Angular readout for a non-cyclic component. Colors indicate the corresponding latent values.
Left: With wrap-around, angles read from the features do not vary monotonically with the component
values. Right: Keeping the unwrapped angular span below 27 permits a monotonic angular readout.

Here t denotes the natural scalar augmentation parameter, such as translation displacement or scaling factor.
The analytical function go, is distinct from the learned network g,,. The two angles represent the same
rotation and can differ only by an integer multiple of 2.

That is, orthogonal augmentations induce rotations in separate subspaces. Each rotation can be represented
by an angle that varies monotonically with the corresponding latent displacement.

Rotation Angle Constraints. Even with a monotonic angle representation, distinct component values
can share the same feature direction if a non-cyclic component wraps around its rotation circle or a cyclic
component completes multiple turns over one period. To obtain a one-to-one correspondence between compo-
nent values and feature directions, we require the full-support angular span to remain below 27 for non-cyclic
components (Figure 2) and exactly one turn per period for full-period cyclic components. To control these
rotations, we bound the predicted angle for each augmentation—subspace pair:

0%, € i (=, m), (17)

where Wn((zi) is the upper bound on the magnitude of a single predicted rotation. We use 0 < nc(f) <1 by
default. Smaller values impose tighter angle bounds. The bound needed to control the full-support angular
span depends on the augmentation displacement relative to the component’s full variation range. Remark 8
in Appendix D.5 derives sufficient bounds for non-cyclic and full-period cyclic components and describes
their practical selection.

Proposition 3 (Strong Disentanglement). Under the assumptions of Proposition 2, consider a non-cyclic
augmentation-induced variation component whose unwrapped angular span over a cluster’s full support is less
than 2. Its values then correspond one-to-one to feature directions in the assigned rotation plane. Relative
to a suitable fized reference direction, the features admit a single-valued, strictly monotonic angular readout
of the component within that cluster.

For full-period cyclic components, Corollary 3 establishes the corresponding one-to-one relation under its
stated assumptions, with exactly one turn per period.

A variation isolated to a rotation plane can still affect multiple raw feature coordinates. We express this
learned geometry in interpretable coordinates through unsupervised post-processing. For non-cyclic com-
ponents, relative angles (RAs) are measured from the estimated midpoint of each cluster’s covered arc;
cyclic components retain their two-dimensional circular representation. We concatenate these coordinates
with a one-hot cluster indicator (CI) encoding the learned cluster assignment. Appendix D.6 gives the
construction and the conditions for monotonic readout and alignment across clusters.
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Table 1: DCI scores using random forest regression on four datasets. D, C, and I denote disentanglement,
completeness, and informativeness. For CRED, raw denotes the original learned features, and RAs + CI
denotes the post-processed representation.

MPI3D Shape3D 3DIdent 3DIEBench

Method
D C I D C I D C I D C I
SimCLR 0.09 0.09 0.88 0.07 0.07 0.89 0.13 0.10 0.93 0.10 0.10 0.90
EquiMod 0.14 0.13 0.96 0.13 0.12 0.97 0.07 0.02 0.93 0.09 0.09 0.91
CARE 0.08 0.09 0.89 0.08 0.08 0.93 0.15 0.12 0.93 0.12 0.11 0.94
IP-IRM 0.22 0.20 0.96 0.14 0.11 0.95 0.15 0.09 0.93 0.11 0.11 0.93
Eastwood et al. (2023) 0.95 0.83 1.00 0.94 0.77 1.00 0.94 0.77 1.00 0.36 0.30 0.95
CRED (raw) 0.63 0.51 1.00 0.63 0.49 1.00 0.99 0.94 1.00 0.60 0.48 1.00
CRED (RAs + CI) 1.00 1.00 1.00 1.00 1.00 1.00 0.99 0.99 1.00 1.00 1.00 1.00

5.2.1 Empirical Results

We evaluate CRED in two complementary settings. (i) Datasets with ground-truth latents. We
consider MPI3D (Gondal et al., 2019) and Shape3D (Kim & Mnih, 2018) (primarily with discrete latents),
as well as 3DIdent (Zimmermann et al., 2021) and 3DIEBench (Garrido et al., 2023b) (with continuous
latents). Latent transformations are used as augmentations. We use DCI (Eastwood & Williams, 2018) as
the evaluation metric, which quantifies disentanglement, completeness, and informativeness via supervised
regressors mapping features to ground-truth latents, with higher scores indicating better performance.

Table 1 compares CRED with the invariance baseline SimCLR (Chen et al., 2020a), the equivariance baselines
EquiMod (Devillers & Lefort, 2023) and CARE (Gupta et al., 2024), and the disentanglement baselines IP-
IRM (Wang et al., 2021) and the method of Eastwood et al. (2023). Under random forest evaluation,
CRED’s raw features already achieve an informativeness score of 1.00 on all four datasets and outperform
all compared baselines in disentanglement and completeness on 3DIdent and 3DIEBench. With RAs 4+ CI
post-processing, CRED achieves at least 0.99 on all three DCI metrics across all four datasets, surpassing all
compared baselines in disentanglement and completeness while matching or exceeding their informativeness.
Complementary DCI results using linear regression are reported in Table 6.

Ablations on Shape3D show that removing either the radius or angle regularizer leads to collapse in the ro-
tation subspaces, while omitting SinCLR pretraining substantially reduces informativeness (Appendix B.3).

(ii) Datasets without ground-truth latents. We further evaluate CRED and the same five baselines
on MNIST, CIFAR-10 and CIFAR-100 with standard data augmentations. Since ground-truth latents are
unavailable, DCI is not applicable. Instead, we assess augmentation-induced representation structure using
four metrics: rotational equivariance (py), relative equivariance (), and two newly proposed disentan-
glement metrics, Mean Overlap and Mean Domination. Linear probing and clustering accuracies provide
complementary assessments of class discriminability.

For structural evaluation, we use the feature coordinates in which each method’s equivariance objective is
defined, or the original feature coordinates for methods without such an objective. In the metric definitions
below, f(z) and f(a(x)) denote the original and augmented representations in these evaluation coordinates.
For CRED, both views are aligned by the same matrix H,), determined by the original sample’s cluster
assignment; the baselines use their original feature coordinates. For a second sample z’, its original and
augmented views similarly share H(,).
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Rotational Equivariance (py, lower is better) measures how well a single rotation explains the feature
changes induced by the same augmentation instance across samples. We define p; as the ratio of the
equivariance residual to the invariance residual:

o Eellfa@) = Raf @)
I TEulf (al2) = F@)[?

For our method (CRED), R, corresponds to the learned rotation R(Ga(t)). For methods without explicit
rotation parameterization, we recover the optimal rotation as R, = argmingeso(q) Ez||f(a(z)) — Rf(z)|*.
Equivariance alone admits degenerate invariant solutions; near such solutions, even the identity rotation
yields a small absolute residual. We therefore normalize by the augmentation-induced feature change. For
a nonzero denominator, the identity rotation gives py = 1, whereas a small p; indicates that the learned or
fitted rotation explains most of this change.

(18)

Relative Equivariance (¢, lower is better) (Gupta et al., 2024) measures whether applying the same
augmentation preserves pairwise distances in feature space:

(I1f (a(z") = fla@)]* = /(") = f(@)]*)?
(If(a(z")) = f)]? + | f(a(2)) = f(2)]?)?

Since shared rotations preserve these distances, the metric assesses this consequence of rotational equivariance
without estimating a rotation matrix.

Vf = Ea,a:ﬂc’ (19)

To probe disentanglement without ground-truth latents, we propose two metrics that assess whether different
augmentations affect disjoint subsets of feature dimensions, inspired by the subspace view of disentangle-
ment in Higgins et al. (2018). For an augmentation set A, we first define the per-dimension sensitivity to
augmentation a as

o E(Aa(@) = fi@)’]
Y E(fe(a@) — fu ()]
(k) .

k=1,...,d (20)

When the denominator is nonzero, s~ is coordinate k’s share of the total expected squared feature change

induced by a, and ), sq (k) =

Mean Overlap (lower is better) measures the extent to which different augmentations activate overlapping
subsets of feature dimensions:

Mean Overla mm S k),s(,) : 21
a'eAk=1
a;éa
The inner sum measures overlap between two normalized sensitivity distributions. The metric is 0 when
augmentations affect disjoint feature dimensions, and 1 when all sensitivity vectors are identical.

Mean Domination (higher is better) measures the extent to which each feature dimension is primarily

associated with a single augmentation. We weight each dimension by its total sensitivity, mass(k) := >, s(k),
so dimensions with little total sensitivity receive less weight. The weighted average excludes dimensions with
zero mass and simplifies to:

maXge A Sgk)

Z 1<k<d mass(k)-

fa mass(k) 1 d
Mean Domination := — 22 )>Od = — maxs®, (22)
> y—q mass(k) |A| = acA
The mass weights cancel in the numerator, zero-mass dimensions contribute zero, and ), mass(k) = |A]

because each sensitivity vector sums to 1. The metric lies in [1/|.A[, 1]. It equals 1/|.A| when all augmentations
have identical sensitivity vectors, and 1 when each active dimension responds to only one augmentation.

We estimate the expectations in the four structural metrics using 2,000 samples and 50 randomly sampled
augmentation instances. The same samples and augmentation parameters are used for all methods.

10



Preprint, 9 November 2026

Table 2: Comparison on MNIST, CIFAR-10, and CIFAR-100. Linear probing accuracy (top-1) and clustering
accuracy are reported as percentages on the training and test splits. Arrows indicate the preferred direction.

Accuracy Equivariance Disentanglement
Method Linear eval. 1 Clustering T Rotational Relative ~ Mean |  Mean 1
Train  Test Train  Test prd vt Overlap Domination
SimCLR 99.82  99.70 98.90 96.71 0.556 9.967 0.908 0.179
= EquiMod 99.88 99.65 97.41 97.17 0.646 5.612 0.894 0.186
2 CARE 99.87 99.66 97.17 90.01 0.461 0.516 0.839 0.211
Z 1IP-IRM 99.65 99.75 45.61 47.18 0.656 0.396 0.816 0.221
2 Eastwood et al. (2023) 99.82 99.78  93.22 91.58 0.328 0.036 0.384 0.405
CRED 99.65 99.72 99.25 99.49 0.015 0.012 0.043 0.942
SimCLR 92.68 92.03 87.57 83.19 0.930 2.660 0.919 0.541
S EquiMod 92.48 92.24 84.62 80.65 0.362 0.164 0.772 0.614
x CARE 92.12  92.09 86.09 84.32 0.896 1.041 0.911 0.544
§ IP-IRM 92.62 92.04 40.75  42.94 0.970 2.381 0.915 0.543
5 Eastwood et al. (2023)  92.65 92.18 84.43 83.32 0.318 0.103 0.166 0.917
CRED 92.07 92.06 88.60 86.81 0.022 0.089 0.136 0.932
SimCLR 83.65 72.05 49.74 45.81 0.983 8.368 0.877 0.562
8 EquiMod 84.96 72.41  48.22 43.80 0.968 2.687 0.924 0.538
:l: CARE 83.37 71.84 48.67 45.72 0.973 3.622 0.880 0.560
< IP-IRM 83.41 72.17 48.01 45.24 0.969 6.207 0.895 0.553
% Eastwood et al. (2023) 74.94 72.19 38.54  36.08 0.222 0.181 0.136 0.932
CRED 82.55 71.96 50.55 42.49 0.076 0.090 0.120 0.940

Table 2 shows that CRED outperforms all five baselines on all four structural metrics across MNIST, CIFAR-
10, and CIFAR-100. It also achieves competitive linear-probe test accuracy and the highest clustering
accuracy on MNIST and CIFAR-10. Experimental details are provided in Appendix A.

5.3 Disentanglement under Complex Augmentations

Real-world augmentations can couple multiple types of variation. We aim to separate these components
into distinct feature subspaces while using the same subspace for a given component across augmentations.
We first analyze augmentations that combine variations induced by existing orthogonal augmentations, then
consider those introducing an additional variation that can be isolated at an anchor configuration.

Proposition 4 (Disentanglement of Simple Composite Augmentations). Suppose n mutually orthogonal
augmentation families are each assigned exclusively to a distinct rotation plane. Under the assumptions
of Proposition 9 in Appendiz D.7, perfect equivariance implies weak disentanglement under a composite
augmentation & affecting s < n of these variations: the rotation in each affected plane admits the same
strictly monotonic angle representation of displacement as the corresponding orthogonal augmentation, while
unaffected planes remain unchanged.

Under the chain condition, a sample and its composite-augmented view are connected through the orthogonal
augmentation constraints. At perfect equivariance, the directly predicted composite rotation and the rotation
inferred along this chain must produce the same augmented feature. Since each 2D feature block is nonzero,
the two rotations must agree in every plane.

11
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Figure 3: CRED feature projections from one cluster. The model is trained using x-translation, y-translation,
and image-centered rotation. Columns show feature projections under image-centered rotation, x-translation,
and object-centered rotation®, from left to right; rows show the feature planes for x-position, y-position, and
object orientation, from top to bottom. Here, * indicates that object-centered rotation is virtual. This
rotation acts about the object’s own center and is not supplied as a separate training augmentation. CRED
disentangles the changes in x-position, y-position, and object orientation induced by image-centered rotation
into separate feature planes. Colorbar labels give (object orientation, x-position, y-position).

The chain argument applies separately to each sample, so the result also covers sample-dependent displace-
ments of the existing variation components. We predict the corresponding rotation angles using gs(t, z),
retaining 0;(;) as shorthand for the predicted angle vector. The angles may vary across samples, while
each plane follows the same relation between component displacement and feature rotation. The subspace
allocation and losses remain unchanged.

We next consider augmentations that introduce a new variation component. We use an anchor configuration
to establish the relation between its displacement and rotations in an additional plane.

Proposition 5 (Disentanglement of Anchored Complex Augmentation). Suppose n—1 mutually orthogonal
augmentation families are each assigned exclusively to a distinct rotation plane. Let a affect a subset of
these wariations together with one new variation. Suppose there is an anchor configuration at which it
changes only the new variation, with a displacement determined by t alone. At this anchor, we use the
basic parameter-only construction, restricting the predicted rotation to an additional n-th plane. Under the
assumptions of Proposition 10 in Appendix D.8, perfect equivariance implies weak disentanglement on the
covered augmentation pairs: the rotation in each affected plane admits a common strictly monotonic angle
representation of the corresponding displacement.

12
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At the anchor, the single-axis analysis establishes the relation between displacement and rotation for the
new component. The same chain argument then combines this relation with those of the existing orthogonal
augmentations to determine the composite rotation away from the anchor.

Both results extend to strong disentanglement when each non-cyclic component has a full-support angular
span below 27 and each cyclic component completes exactly one turn per period (Corollary 4).

Empirical Results. In the anchored setting, image-centered rotation changes both the position and ori-
entation of an off-center object, with the position change depending on its initial position. An object at
the image center provides the anchor configuration, where only orientation changes. Figure 3 shows CRED
disentangling the position and orientation changes induced by image-centered rotation into separate feature
planes. In the simple composite setting, CRED disentangles the changes in x-position and y-position in-
duced by xy-translation into the planes assigned to x-translation and y-translation, respectively (Figure 14).
Additional visualizations are provided in Appendix B.6, and experimental details in Appendix A.

6 Limitations and Future Directions

Like other augmentation-based self-supervised methods, CRED depends on the choice and coverage of aug-
mentations (Wang et al., 2022; Parulekar et al., 2023). Our guarantees assume within-cluster connectivity
and perfect equivariance, which may not hold exactly on natural images. Nevertheless, CRED achieves better
equivariance and subspace separation than the evaluated baselines, including on CIFAR-100 with imperfect
clustering (Table 2). Designing augmentation families that better connect samples within clusters and reflect
underlying style variations could help narrow this gap between the theoretical setting and practical data.

The current formulation requires manual configuration of the rotation subspaces, including their number
and their assignment to the basic orthogonal augmentation families. The anchored extension additionally
requires prior knowledge of a configuration at which a composite augmentation induces only the new vari-
ation component, together with a way to identify or construct samples at that configuration. Automating
subspace configuration and reducing reliance on such anchor configurations could broaden applicability to
less controlled settings. More general models of feature transformations could further extend the framework
beyond the current product of SO(2) rotations.

7 Conclusion

CRED decouples invariance and equivariance learning to avoid interference between the two objectives. Its
cluster-dependent SO(2) rotations in mutually orthogonal two-dimensional subspaces support multi-cluster
representations on a single hypersphere. We establish conditions for exact disentanglement of variations
induced by orthogonal and composite augmentations. After post-processing, all three DCI scores reach at
least 0.99 across four controlled datasets under random forest evaluation. On three real-world datasets,
CRED outperforms all evaluated baselines on all four equivariance and disentanglement metrics.
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A Algorithm and Experimental Details

Algorithm 1 summarizes training and optional post-processing. For sequential compositions, we sum the
predicted angles within each plane and apply Lineta Separately to each constituent call in Apontrivial-

A.1 Dataset

Shape3D (Kim & Mmnih, 2018) This dataset provides 5 style latents (floor hue, wall hue, object hue,
object scale, azimuth) and 4 object shapes as the class latent. For each style latent, we keep the middle half
of its range and include all 4 classes, yielding a total of 16,000 images.

MPI3D (Gondal et al., 2019) This dataset contains 6 style latents (object color, object size, camera
height, background color, horizontal rotation, vertical rotation) and 6 object shapes as the class latent.
We keep the first four style latents in full. For the two rotations, we subsample the angles to {0,4,8,12}
(uniformly spaced indices), resulting in a total of 10,368 images.

3DIdent (Zimmermann et al., 2021) This dataset has a single class and 10 continuous style factors:
position (z,y, z); rotation (¢,6,); spotlight position; object hue; ground hue; and spotlight hue. We
randomly sample 50,000 images for training.

3DIEBench (Garrido et al., 2023b) 3DIEBench is derived from a ShapeNetCore subset (sourced from
3D Warehouse). To generate the non-symmetric images, we use 10 chair models as classes and render images
in Blender, varying 5 parameters uniformly over their ranges. We generate 20,000 images at a resolution of
224 x 224. Parameter ranges are listed in Table 3, and example renderings are shown in Figure 4.

Synthetic letter dataset The synthetic letter dataset used in Section 5.3 provides controlled variation in
object position and orientation for evaluating disentanglement under composite augmentations. It consists
of 96 x 96 grayscale images of three distinct uppercase letters, “R,” “E,” and “D.” For each letter, we apply
three controlled augmentations: horizontal translation (x-shift), vertical translation (y-shift), and in-plane
rotation about the image center. In the image-centered rotation experiment, the anchor configuration is
obtained by placing the object at the image center, where rotation changes only its orientation.

MNIST (LeCun et al., 1998) The MNIST dataset contains 70,000 grayscale handwritten digit images
of size 28 x 28, with 60,000 images for training and 10, 000 for testing across 10 classes. Unlike the synthetic
and benchmark datasets above, MNIST does not provide ground-truth style latents. We instead apply
standard data augmentations as the source of variation.

CIFAR-10 and CIFAR-100 (Krizhevsky, 2009) CIFAR-10 and CIFAR-100 contain 10 and 100 classes,
respectively. Each contains 60,000 color images of size 32 x 32, split into 50,000 training and 10,000 test
images. Neither provides ground-truth style latents, so we use standard augmentations to induce variation.

A.2 Hardware

All experiments were performed on 2 NVIDIA Tesla V100 GPUs with 32GB accelerator RAM for a single
training run. All experiments use the PyTorch deep learning framework (Paszke et al., 2019).
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Algorithm 1 Cluster-Dependent Subspace Rotational Equivariance (with post-processing)

1:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:

23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:

S B A

Input Dataset {z}, augmentations A = {a;}; feature extractor f, angle networks G = {g;}7 1;
number of clusters k£, number of rotation planes m, assigned rotation planes and angle-bound parameters

{r]l(f)} for each augmentation a, subspace radius w; loss weights Aradius, Atheta, €pochs 17, T5; optional
phase-alignment matrices {4;;}
Output Trained feature extractor f and angle networks G = {g;};; optionally, post-processed repre-
sentations {7(z)}.
Stage 1: Self-Supervised Invariance Learning for Clustering
Optional; skipped when k = 1.
for e =1 to T} do
for each minibatch {z;} do
Generate two augmented views of each image.
Compute LinfoNCE
Update f by VLtoNcE
end for
end for
Stage 2: Self-Supervised Equivariance Learning for Disentanglement
Each angle network g, uses nél)ﬂ tanh(-) as its output parameterization on each assigned plane 4.
Initialize cluster centroids {¢;} by clustering f(z)/||f(z)||2 with the chosen method.
Set ¢ <— normalize(cy).
for e =1 to 15 do
for each minibatch {z;} do
Generate x;“ = a(t,z;) with a(t) € A

uj  fl@)/If @)l uf < f@))/ ()]
Assign ¢(x;) = arg max; u;ri
Construct H(,,) with He(z;)Tc(z;) = €d, using it for both u; and u;r
Predict 6; € R™ using gq(t) (or gq(t, ;) if sample-dependent); zero unassigned entries
Build R(6;) according to Equation (5)
Compute Eequiv; EradiuSa Etheta
Update f? {gl} by v(»chuiv + Aradiusﬁradius + )\thctaﬁthcta)
end for
end for
Optional: post-processing and final representation
Let S; denote the reference samples assigned to cluster i.
For each non-cyclic plane j, define 09) (z) := atan2([H,(,) f(2)]).y, [He@) f(@)]).2)-
for each cluster ¢ and non-cyclic plane j do
Sort the distinct values in {)(z):z € S;} as ) < --- < 6, (n>2)
9n+1<—91+2’ﬂ', (54(—0¢+1—05f01"€:1,...7n
Choose ¢* € argmaxi<¢<n ¢
9R<—9g*+1, L+ 21 — 0+
@ ; + atan2(sin(0g + L/2),cos(0r + L/2))
end for
for each z with cluster i = ¢(z) do
for each plane j =1,...,m do
if plane j is non-cyclic then
FO(2) « atan2(sin(09) (z) — a; ;), cos(09)(z) — a; ;) > scalar
else
F9(2) « [Hif(z)] ; ER? > retain the two-dimensional cyclic block
if phase-alignment matrices are supplied then
7O (@) ¢ A, L) (@)
end if ’
end if
end for N N
7(x) + concat(fM(z),..., f™(2),e) > e;: one-hot cluster indicator
end for
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Table 3: Parameter ranges used in our 3DIEBench setup.

Parameter Minimum value Maximum value
Object position X -0.3 0.3
Object position Y -0.3 0.3
Object position Z -0.3 0.3
Object rotation ¢ (radians) —m/2 /2
Floor hue 0.3 0.7

Figure 4: Example images generated for our 3DIEBench experiments. Each row shows four renderings of
the same object model with different positions, orientations, and floor hues.

21



Preprint, 9 November 2026

A.3 Training
A.3.1 Datasets with ground-truth latents

On Shape3D, MPI3D, 3DIdent, 3DIEBench, and the synthetic letter dataset, all methods are trained for
500 epochs with a ResNet-18 backbone and an MLP projection head with three hidden layers of width
2048, PReLU activations, and output dimension d. For each experimental setting, all methods use the same
output dimension d = 2m+1, where m is the number of rotation planes in CRED. CRED uses the additional
coordinate as its residual component. We use a batch size of 500 and Adam (Ir = 1074, 8; = 0.9, 32 = 0.999).
Method-specific hyperparameters are detailed below.

SimCLR. We set the InfoNCE temperature to 7 = 0.5 for all experiments.

CARE. We use 7 = 0.5 in the InfoNCE loss and Aequiv = 10. The number of equivariance chunks is set
to half the batch size.

EquiMod. We use 7 = 0.5 for InfoNCE loss and Acquimod = 1. The predictor head mirrors the projection
head architecture.

IP-IRM. We use 7 = 0.5 for the InfoNCE loss and set A\; = A2 = 0.2. We update the data partition every
30 epochs of representation learning, running each partition-optimization phase for 50 epochs.

Eastwood et al. (2023). We use 7 = 0.5 and set each embedding subspace to two dimensions.

Ours. We adopt a two-stage schedule. Stage 1: SimCLR pretraining for 100 epochs with 7 = 0.5 (skipped
on the single-class dataset 3DIdent). Stage 2: we jointly train the feature extractor f and angle networks
G = {g;}: for the remaining 400 epochs (or 500 epochs on 3DIdent when Stage 1 is skipped). Each g; is an
MLP with three hidden layers of width 2048, PReLU activations, LayerNorm, and one output per assigned
rotation plane. We set the subspace radius to w = 0.05, with a one-dimensional residual component. We set
Aradius = Atheta = 1 on Shape3D, MPI3D, 3DIdent, and 3DIEBench.

A.3.2 Datasets without ground-truth latents

We train all models for 800 epochs on MNIST and CIFAR-10 using a ResNet-18 backbone, and for 1500
epochs on CIFAR-100 using a ResNet-50 backbone. All models use an MLP projection head with three hidden
layers of width 2048, ReLU activations, and output dimension d. We use a batch size of 500. The baselines
and CRED’s pretraining stage use LARS with a 10-epoch linear warm-up followed by cosine learning-rate
decay and weight decay 1075. The LARS learning rate is 2.0 on MNIST and 4.0 on CIFAR-10 and CIFAR-
100. CRED uses Adam in Stage 2, as specified below. The feature dimension is 256 on MNIST and 64 on
CIFAR-10 and CIFAR-100.

Augmentations and subspace assignments in CRED. MNIST. We assign each of the seven augmen-
tations in Table 4 to its own 2D subspace, giving 14 equivariant dimensions and 242 residual dimensions.

CIFAR-10 and CIFAR-100. We assign spatial and appearance augmentations to separate sets of five 2D
subspaces (Table 5). Augmentations within each group share the same set, giving 20 equivariant dimensions
and 44 residual dimensions.

SimCLR. We set the InfoNCE temperature to 7 = 0.5 on all three datasets.

CARE. We use 7 = 0.5 in the InfoNCE loss and Acquiv = 0.01 on all three datasets. The number of
equivariance chunks is set to be 4.

EquiMod. We use 7 = 0.5 for the InfoNCE loss and 7/ = 0.2 for EquiMod’s contrastive equivariance loss,
with Aequimoda = 1. The predictor head mirrors the projection head architecture.

22



Preprint, 9 November 2026

Table 4: Augmentations and subspace assignments for CRED on MNIST.

Augmentation Probability Parameters Subspaces
Scaling 0.80 Scale range [0.90,1.10] 1 exclusive
Rotation 0.80 Angle range [—12°,12°] 1 exclusive
Shear 0.80 Angle range [—8°, 8°] 1 exclusive
Dilation 0.50 Kernel size 3 1 exclusive
Erosion 0.50 Kernel size 3 1 exclusive
z-translation 0.90 Range [—3, 3] 1 exclusive
y-translation 0.90 Range [—3, 3] 1 exclusive

Table 5: Augmentations and subspace assignments for CRED on CIFAR-10 and CIFAR-100. p denotes the
application probability.

Group Augmentation p Parameters Subspaces
31 1. ize 32 x 32; scale [0.2,1.0]; as i 4,4
Spatial Ran_dom rebl.zed crop 1.00 Size 32 x 32; scale [0.2,1.0]; aspect ratio [3/4,4/3] 5 shared
Horizontal flip 0.50 —
Appearance Color jitter 0.80 Brightness/contrast/saturation = 0.4; hue = 0.1 5 shared

Random grayscale 0.20 —

Ours. On MNIST and CIFAR-10, we use 500 epochs of LARS pretraining followed by 300 epochs with
Adam. On CIFAR-100, we use 1000 epochs of LARS pretraining followed by 500 epochs with Adam. These
schedules match the baseline epoch budget on each dataset. In the second stage, Adam uses a 10-epoch
linear warm-up, 81 = 0.9, and By = 0.999. The learning rate is 104 on MNIST and CIFAR-10 and 2 x 10~*
on CIFAR-100. The subspace radius is w = 0.1 on all three datasets. We set Aradius = Atheta = 0.1 on
MNIST and CIFAR-10 and Apadius = Atheta = 0.15 on CIFAR-100.

A.4 Evaluation

A.4.1 Clustering and linear evaluation protocols

For clustering, we use spherical k-means on CIFAR-10 and CIFAR-100 and agglomerative clustering on
MNIST. We set the number of clusters to the known number of classes in each dataset. For agglomerative
clustering, merging stops when this number of clusters remains.

Following the standard linear evaluation protocol (Chen et al., 2020a; He et al., 2020), we discard the
projection head and train a linear classifier on the frozen backbone features. We train the classifier for 100
epochs with a batch size of 250, using SGD with Nesterov momentum 0.9 and no weight decay. The learning
rate starts at 0.2 and follows a cosine decay schedule. We use the same protocol for all methods.

A.4.2 DCI Evaluation

For datasets with ground-truth latents, we evaluate with DCI (Eastwood & Williams, 2018), which sum-
marizes three properties of a representation: disentanglement, completeness, and informativeness. Following
Eastwood & Williams (2018), we train a supervised predictor from the evaluated representation to the
ground-truth factors and extract a nonnegative importance matriz R, where R;; measures the contribution
of input coordinate i to predicting factor j. In our implementation, we use either a linear regressor or a
random forest regressor. We take R;; = |w;;| (absolute regression weights) for linear regression and use the
mean decrease in impurity for random forest regression (Breiman, 2001).
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For CRED’s RAs + CI representation, we treat the one-hot cluster indicator as a single representation unit.
Before normalization, we sum the corresponding rows of R into one row and compute disentanglement and
completeness from the resulting matrix.

For disentanglement, we normalize each row of the resulting importance matrix over ground-truth factors;
for completeness, we normalize each column over representation units. The entropies are normalized by the
logarithms of the numbers of ground-truth factors and representation units, respectively. Disentanglement
is computed for each representation unit and completeness for each ground-truth factor, in both cases as
one minus the corresponding normalized entropy. The scores are then aggregated using the standard DCI
weights. Informativeness is measured by the mean test-set R? across ground-truth factors, using either linear
regression or random forest regression.

B Additional Results and Visualizations

B.1 Additional Visualizations of Figure 1

Settings. We construct a toy dataset of three uppercase letters (“R”, “E”, “D”) rendered as 96x96
grayscale images. For each letter, we generate images at angles {—165°, —150°,...,180°}, sampling a full
rotation cycle in 15° increments. The only training augmentation is a 15° rotation implemented with bilinear
interpolation. The InfoNCE temperature is set to 7 = 0.5.

Following the alignment and uniformity view of contrastive learning (Wang & Isola, 2020), we vary the
relative weights of the invariance, uniformity, and equivariance terms in CARE (Gupta et al., 2024) to
obtain the configurations shown in Figure 1.

Extension: non-cyclic setting. We repeat the visualization using the same three input images, with ro-
tation angles restricted to [—120°,120°] in 15° increments. Figure 5 shows the resulting feature trajectories.

SimCLR CARE CRED

Figure 5: Feature trajectories traced out as each of three input images rotates over [—120°,120°]. Each color
corresponds to one input image. SimCLR produces irregular within-cluster trajectories. Across the shown
loss-weight settings, CARE produces irregular trajectories or circular arcs in approximately parallel planes.
CRED forms circular arcs in planes whose orientations vary across the three clusters.

B.2 Additional Results under Orthogonal Augmentations

Table 6 complements the random forest evaluation in the main text with linear regression. We focus on
disentanglement and completeness, which assess how factors are organized across representation units; in-
formativeness provides a complementary measure of factor predictability under the chosen regressor. With
RAs + CI, CRED achieves D and C scores of at least 0.95 and an I score of 1.00 across all four datasets.
On Shape3D, SimCLR achieves a D score of 1.00, but its C and I scores are only 0.10 and 0.17, respectively,
illustrating why a high D score alone is insufficient to assess representation quality.

Figures 6 and 7 compare the feature distributions learned by SimCLR, CARE, and CRED. CRED’s feature
projections in Figures 8 and 9 show that varying one ground-truth style factor mainly changes feature angles
in its corresponding rotation subspace.
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Table 6: DCI scores using linear regression on four datasets. D, C, and I denote disentanglement, complete-
ness, and informativeness. For CRED, raw denotes the original learned features, and RAs + CI denotes the
post-processed representation.

MPI3D Shape3D 3DIdent 3DIEBench
Method
D C I D C I D C I D C I
SimCLR 0.23 0.08 0.14 1.00 0.10 0.17 0.29 0.08 0.31 0.23 0.10 0.17
EquiMod 0.55 0.12 0.20 0.85 0.17 0.48 0.23 0.08 0.31 0.74 0.12 0.29
CARE 0.24 0.11 0.17 0.84 0.07 0.18 0.24 0.08 0.33 0.17 0.10 0.31
IP-IRM 0.65 0.15 0.35 0.36 0.11 0.13 0.20 0.07 0.43 0.53 0.12 0.25
Eastwood et al. (2023) 0.95 0.70 0.41 0.96 0.82 0.69 0.88 0.69 0.71 0.95 0.50 0.28
CRED (raw) 0.63 0.51 1.00 0.63 0.49 1.00 0.60 0.47 1.00 0.11 0.07 0.31
CRED (RAs + CI) 0.95 0.95 1.00 0.99 0.98 1.00 0.98 0.98 1.00 0.99 0.99 1.00
SimCLR CRED
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Figure 6: t-SNE visualization of learned features on Shape3D.
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Figure 7: t-SNE visualization of learned features on MPI3D.
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Figure 8: CRED feature projections on Shape3D. Starting from a reference sample in one cluster, each row
varies one ground-truth style factor: floor hue (Dim 0), wall hue (Dim 1), object hue (Dim 2), scale (Dim
3), or orientation (Dim 5). Columns show the aligned rotation subspaces. Colors indicate the value of the
factor varied in each row. Each factor mainly changes the feature angle in its corresponding subspace.
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Figure 9: CRED feature projections on MPI3D. Starting from a reference sample in one cluster, each row
varies one ground-truth style factor: object color (Dim 0), object size (Dim 2), camera height (Dim 3),
background color (Dim 4), horizontal rotation (Dim 5), or vertical rotation (Dim 6). Columns show the
aligned rotation subspaces. Colors indicate the value of the factor varied in each row. Each factor mainly
changes the feature angle in its corresponding subspace.
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Figure 10: CRED’s predicted rotation angles versus augmentation parameters on 3DIdent, evaluated at
1,000 randomly sampled parameter values. Each panel corresponds to an augmentation and its assigned
rotation subspace. The predicted angles vary approximately linearly over the plotted parameter ranges.

0 (deg)

Augmentation 0 - Subspace 0

Augmentation 1 - Subspace 1

Augmentation 2 - Subspace 2

0 (deg)

0 (deg)

-0.3-0.2-0.1 00 0.1 0.2 0.3
Augmentation parameter

Augmentation 3 - Subspace 3

-0.3 -0.2-0.1 0.0 0.1 0.2 0.3
Augmentation parameter

-0.3 -0.2 -0.1 0.0 O.

1 02 0.3
Augmentation parameter

Augmentation 4 - Subspace 4

_ 20+ R?=1.000| _—2071 R? = 1.000
o 10 o —25 |
(] (]
T 9 T-30+
—104
[«») D — 4
“%] 35
‘ ‘ ‘ ‘ ‘ —401, ; ; ; ;
-0.4 -02 00 02 04 030 040 050 0.60 0.70

Augmentation parameter Augmentation parameter

Figure 11: CRED’s predicted rotation angles versus augmentation parameters on 3DIEBench, evaluated
at 1,000 randomly sampled parameter values. Each panel corresponds to an augmentation and its assigned
rotation subspace. The predicted angles vary approximately linearly over the plotted parameter ranges.
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B.3 Ablation Studies

We ablate SImCLR pretraining and the two regularizers on Shape3D. Without SimCLR pretraining, we
initialize the rotation centers using k-means on randomly initialized features. In this setting, informativeness
drops substantially across all evaluated factors. With pretraining retained, removing either L£,,4ius O Ltheta
leads to collapse in the rotation subspaces (Figure 12). Informativeness under linear regression drops to
0.0000 for all five style factors, while the class score remains 1.0000 in both variants (Table 7).

Table 7: Ablation study on Shape3D: per-factor informativeness under linear regression. All variants use
RAs + CI post-processing.

Method Floor Hue Wall Hue Object Hue Scale Orientation Class
w /o pretraining 0.0648 0.2712 0.0177 0.0172 0.0010 0.0034
w/0 Lyadius 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000
W/0 Liheta 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000
CRED (RAs + CI) 0.9995 0.9995 0.9994 0.9984 0.9994 1.0000
Floor hue Wall hue Object hue Scale Orientation
(Subspace 0) (Subspace 1) (Subspace 2) (Subspace 3) (Subspace 4)
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o 0.00 o > >
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Figure 12: Shape3D feature projections from one cluster. Each column shows projections in the aligned
rotation subspace corresponding to one ground-truth style factor. That factor varies while the others remain
fixed. Colors indicate factor values. Top: without L .qius, projections collapse near the origin. Bottom:
without Lipeta, projections retain nonzero radii but collapse to a single point as the factor varies.

Uniformity loss for rotation centers (optional). To encourage a more uniform distribution of rotation
centers on the unit sphere, we maximize their average pairwise Euclidean distance using the repulsion loss

Euniform = - Ei;«éj ||T1 - TjH27 (23)
where the expectation is taken uniformly over distinct center pairs. We initialize the learnable centers from
the normalized Stage 1 cluster centroids and add this loss to the Stage 2 objective.

For three unit-norm centers, every global minimizer of this loss forms an equilateral triangle with pairwise
distance /3 ~ 1.732, the largest achievable minimum separation (Tammes, 1930). Under the same settings
as Figure 5, the learnable centers approach this optimal spacing, while the fixed centers have a minimum
pairwise distance of 1.719.
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B.4 Training Loss Convergence

Figure 13 reports the training behavior of the three losses on 3DIEBench, complementing the compatibility
analysis in Appendix D.3.

Lequiv Eradius Etheta
0.300 min: 3.2 x 107 0-030 min: 3.12 x 10 min: 5.87 x 10°®
’ 0.100
() ] (0]
g 3 0.020 g
= 0.200 = =
> > >
@ @ % 0.050
(o] o o
= 0.100 -1 0.010 -
0.000 0.000 = 0.000
10000 20000 30000 40000 50000 10000 20000 30000 40000 50000 10000 20000 30000 40000 50000
Iteration Iteration Iteration

Figure 13: Training curves of the three CRED losses on 3DIEBench (Garrido et al., 2023b) over 50,000 steps.
All three losses reach near-zero values in the reported run.

B.5 Compositional OOD Generalization

On Shape3D and MPI3D, we hold out selected joint factor combinations before training CRED, while
retaining every individual factor value in the in-distribution training set. After training, we freeze the
feature extractor f and use only in-distribution data to determine the reference angles for CRED’s standard
post-processing and fit one linear regressor per factor from its corresponding post-processed coordinate.
The resulting mappings are applied unchanged to the held-out combinations for out-of-distribution (OOD)
evaluation. Table 8 summarizes performance on these held-out combinations.

Table 8: Compositional OOD generalization of CRED on held-out factor combinations. Scores are mean R?
across factors, evaluated by linear regression on the post-processed representation.

Dataset Shape3D MPI3D
Mean OOD R? 0.99543 0.98653

B.6 Additional Results under Complex Augmentations

Figures 14 and 15 illustrate the simple composite setting, showing how xy-translation is separated into
x-position and y-position changes. Figure 16 complements Figure 3 with projections across three clusters,
showing the separation of position and orientation changes in the anchored complex setting.
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Figure 14: CRED feature projections from one cluster. Columns show xy-translation, x-translation, and
y-translation, from left to right; rows show the feature planes for x-position and y-position, from top to
bottom. Colorbar labels give (x-position, y-position). CRED disentangles the changes in x-position and
y-position induced by xy-translation into separate feature planes. The feature changes in these planes align

with those induced by x-translation and y-translation, respectively.
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Figure 15: Full results for the experiment in Figure 14, showing feature projections across three clusters.
This page shows xy-translation. Columns correspond to clusters; rows show the feature planes for x-position
and y-position, from top to bottom. Colorbar labels give (x-position, y-position). CRED disentangles the
changes in x-position and y-position into the planes assigned to x-translation and y-translation, respectively.
The following pages show x-translation and y-translation.
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Figure 15: Continued: projections under x-translation, with the same cluster and rotation-plane layout.
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Figure 15: Continued: projections under y-translation, with the same cluster and rotation-plane layout.
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Figure 16: Full results for the experiment in Figure 3, showing feature projections across three clusters.
Training uses x-translation, y-translation, and image-centered rotation. This page shows projections under
object-centered rotation. Columns correspond to clusters; rows show planes for x-position, y-position, and
object orientation, from top to bottom. Colorbar labels give (object orientation, x-position, y-position).
Object-centered rotation acts about the object’s own center; * indicates that this rotation is virtual and is
not supplied as a separate training augmentation. The following pages show projections under x-translation
and y-translation. CRED disentangles changes in x-position, y-position, and object orientation into separate
feature planes within each cluster.
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Figure 16: Continued: projections under x-translation, with the same cluster and rotation-plane layout.
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Figure 16: Continued: projections under y-translation, with the same cluster and rotation-plane layout.
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C Extended Related Work

Self-supervised Representation Learning. Contrastive and non-contrastive objectives are widely used
in self-supervised visual representation learning. Most contrastive methods (Yeh et al., 2022; He et al., 2020;
Chen et al., 2020b;a) use an InfoNCE-type loss (van den Oord et al., 2018). HaoChen et al. (2021) study a
spectral contrastive loss. Clustering-based methods use cluster assignments or prototypes to guide represen-
tation learning (Caron et al., 2018; 2020; Li et al., 2021). Non-contrastive methods learn without explicit
negative pairs, using architectural design (Grill et al., 2020; Chen & He, 2021), feature whitening (Ermolov
et al., 2021), cross-correlation objectives (Zbontar et al., 2021), or variance and covariance regularization
(Bardes et al., 2022a;b). Garrido et al. (2023a) establish theoretical connections between contrastive and
covariance-based non-contrastive objectives. In a sparse-coding setting, Pokle et al. (2022) identify non-
collapsed global optima of a non-contrastive objective that fail to recover the ground-truth features. Our
first stage builds on SimCLR (Chen et al., 2020a). Theoretical analyses characterize contrastive learning
through positive-pair alignment and feature uniformity on the hypersphere (Wang & Isola, 2020), and pro-
vide guarantees for preserving data clusters under assumptions on augmentation structure and the encoder
class (Wang et al., 2022; Parulekar et al., 2023).

Group-equivariant Representation Learning. Group-equivariant representation learning aims to learn
feature maps whose response to structured transformations of the input follows a group representation, i.e.,
f(Tg(x)) = p(g)f(x) for a group element g € G. Classical group-equivariant CNNs instantiate this idea
by fixing both the group G and its action on the input domain, then designing convolutional layers so
that feature channels transform according to a prescribed representation p (Cohen & Welling, 2016; 2017;
Cohen et al., 2018; Weiler et al., 2018; Weiler & Cesa, 2019; Finzi et al., 2020; Lengyel et al., 2023; Yang
et al., 2025). Equivariance has also been incorporated into message-passing networks (Anderson et al., 2019;
Satorras et al., 2021), spatial transformation modules (Tai et al., 2019), and self-attention models (Fuchs
et al., 2020). These approaches enforce equivariance through architectural constraints tied to a specified
group action. CRED instead learns cluster-dependent subspace rotational equivariance through a training
objective, without requiring a group-equivariant backbone.

Disentanglement in Generative Models. Generative approaches to disentanglement include VAE-
based methods (Higgins et al., 2017; Kim & Mnih, 2018; Chen et al., 2018; Li et al., 2019; Mathieu et al., 2019;
Esmaeili et al., 2019), GAN-based methods (Chen et al., 2016; Jeon et al., 2021; Ojha et al., 2020), diffusion
models (Yang et al., 2023; Wu & Zheng, 2024), and generative models with structured latent flows (Song
et al., 2023). Related work also studies controllable latent-space editing in flow-matching models (Hu et al.,
2024). Weakly supervised approaches exploit grouped observations with shared content (Bouchacourt et al.,
2018; Hosoya, 2019), paired observations sharing some factors (Locatello et al., 2020), or pairwise similarity
annotations (Chen & Batmanghelich, 2020). Shu et al. (2020) analyze disentanglement guarantees under
different forms of weak supervision. CRED adopts a self-supervised formulation that explicitly organizes
augmentation-induced variations through rotations in mutually orthogonal two-dimensional subspaces.

D Theoretical Analysis and Proofs

The proofs of the five main-text propositions are organized as follows:

o Proposition 1: exact equivariance (Appendix D.3). p- 39
o Proposition 2: weak disentanglement (Appendix D.4). p. 42
o Proposition 3: strong disentanglement (Appendix D.5). p. 54
 Proposition 4: simple composite augmentations (Appendix D.7). p- 60
o Proposition 5: anchored complex augmentations (Appendix D.8). p. 61

Appendices D.1 and D.2 provide the parallel-configuration analysis and theoretical preliminaries. Ap-
pendix D.6 establishes the post-processing guarantees.
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D.1 Parallel Configurations under Global Rotational Equivariance

Let {C4,...,Ck} be semantic clusters and f : X — S?~! a feature extractor satisfying exact global rotational
equivariance on the considered augmentation pairs:

fla(z)) = Maf(z), M, €S0(d), (24)

where each M, is shared across samples. We define the shared variation subspace as the smallest linear
subspace containing all changes induced by the global rotation operators:

V= span{Mav—v ca€ A v ERd}. (25)

Here, v ranges over the ambient feature space. Under exact equivariance, every augmentation-induced feature
difference lies in V, since

fla(x)) = f(z) = (Mo = I)f(x) € V.

For each cluster, we consider finite chains of pairs (z,a(x)) satisfying the above equivariance relation, with
both points of every pair belonging to that cluster. Each pair may be traversed in either direction; this does
not require an inverse augmentation to be available.

Proposition 6 (Parallel Affine Subspace Constraint). Suppose 0 < dimV < d, and any two samples in
each cluster can be connected by such a chain. Then, for each cluster Cy, there exists by € V+ such that

F(Ck) S (b +V)NSTL (26)

These affine subspaces share the same direction space V', forming a parallel configuration. Their offsets need
not be distinct.

Proof. For each considered augmentation pair, the identity above shows that the feature difference lies in
V. Fix xp € Ci. Summing these differences, with the appropriate signs, along a connecting chain from xj
to any = € Cy yields f(z) — f(xg) € V. Thus, all features within the cluster have the same orthogonal
projection onto V*+. Taking b, = Py 1 f(x,) proves the result. O

Three-dimensional example. For nontrivial rotations about a common axis in three dimensions, V is
the plane perpendicular to that axis. Proposition 6 therefore places augmentation-connected clusters in
parallel planes. These planes intersect the sphere in circles, possibly degenerate, while the observed features
may occupy only arcs or finitely many points. This geometry accounts for the parallel trajectories shown for
CARE in Figures 1 and 5. The offsets by, are fixed projections and need not equal the cluster centroids; the
argument does not require augmentation-invariant sample means or within-cluster distributions.

Scope and relation to CRED. The condition dim V' < d is essential for a nontrivial geometric restriction
and is not guaranteed by arbitrary collections of global rotations. In CRED’s aligned coordinates, the
m rotation planes span a 2m-dimensional subspace, with d > 2m 4 1 leaving non-rotating coordinates.
Cluster-dependent coordinate transformations allow the corresponding variation subspaces to have different
orientations across clusters. This removes the common-orientation constraint characterized above.

D.2 Preliminaries

We introduce the definitions and assumptions used in the theoretical analysis.

Definition 1 (Augmentation Connectivity). Let A be a collection of augmentations acting on X. Two
samples x,y are adjacent if a(x) = b(y) for some a,b € A. We write x ~ 4 y if there exists a finite sequence
T = Tg,...,Tn =Yy in which each consecutive pair is adjacent. A sequence of length zero is allowed. This
defines an equivalence relation.

A subset D C X is A-connected if any two points in D can be joined by such a sequence contained in D. For
latent points, z ~ 4 2z’ means p(z) ~4 @(2').
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Assumption 1 (Intra-cluster Connectivity). Fiz a collection of augmentations A acting on the observation
space X and let ~ 4 denote the augmentation-connectivity relation defined in Definition 1. We work in latent
coordinates z = (s,u), allowing an invertible reparameterization of the original generative factors. The
coordinate change is absorbed into ¢. Let Xipaim C X be the training set, and write

Ztrain = 5071(Xtrain) g S.A X u.Aa

where S 4 and U4 are the style and cluster latent spaces, respectively.

1. Augmentation-wise factorization. FEach a € A lifts to a map
a:SAg XUy —> Sq XUy, a(s,u) = (5, u),

Thus, augmentations preserve the cluster coordinates u, while any induced change is confined to the
style coordinates s.

2. Intra-cluster A-connectivity. Define the cluster partitions
Ca = {cu = {2 € Xyain : ¢ ' (x) = (s,u), s €S}, Vu€Un}.

We assume that every pair of samples in ¢, can be joined by a finite chain of adjacent samples
contained in c,.

Because augmentations never modify the u-coordinate, no sequence of augmentations can connect points with
different cluster coordinates, i.e., if x € ¢, and y € ¢y with u # u' then x £ 4 y.

Definition 2 (Intrinsic cyclicity and observed range). Let 2 denote a one-dimensional variation compo-
nent. It is intrinsically cyclic with period p > 0 if coordinate values differing by p represent the same state, so
its full domain is a circle. A non-cyclic component has an interval as its full domain, with distinct coordinate
values representing distinct states.

FEven when a component is intrinsically cyclic, the data may cover only part of its period. For example, object
orientation is cyclic, but orientations restricted to [—45°,45°] vary over an interval. Within this restricted
range, orientation can therefore be analyzed using an interval coordinate.

Definition 3 (Cluster-wise axis-aligned representation). Let f : X — S9! be a unit-norm representation.
Fiz an augmentation set A that alters exactly dsey style variation components and induces cluster partitions
Ca of Xirain- We say f is cluster-wise axis-aligned if there exist orthogonal matrices {H. € O(d)}cec,,
(one per cluster) satisfying the conditions below. For the aligned representation, write

]E(x) = Hc(r) f(x) = (]i(tly) (.’L‘), SR} Z‘?;ty)(x% fres(x)) € Sd_17

where fs@(w) € R? is the feature block associated with the i-th rotation plane, and fres(z) € R2%w contains
the remaining coordinates. These blocks satisfy

dsty

S NFS @) + || Fres(@)][5 = 1.

=1

1. Center synchronization. For each cluster ¢, H, maps its rotation center r. to the north pole
ea=(0,...,0,1)T (i.e., Horo = eq).

2. Style-plane separation. For each 1 < i < dgy, the two-dimensional block fs(tz;(x) lies in the

i-th canonical rotation plane 7; := span{eg;_1,e2;}. FEquivalently, for any angle 8 € R, define the

block-diagonal rotation

cosf) —sinf

sin @ cos 6 :|5"'3127 Id—2dsty).

Rqi(6) = diag (I, .. ., {

i-th block
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Then R;(0) rotates only fs(tl; and leaves fs(g; (G #1) and fres unchanged. For an augmented sample
a(t, ), we use the same coordinate map H(y as for its original sample x. Under its stated conditions,
Lemma 1 guarantees that the augmented sample has the same nearest-center assignment.

Thus, we focus solely on disentangling the augmentation-induced style latents in the aligned representation.

Definition 4 (Linearizing Reparametrization). For each single-azis augmentation family {a(t)}ieT,, we use
its natural scalar parameter t, such as translation displacement or scaling factor. A linearizing reparametriza-
tion G, : T, — R is a continuous map that converts admissible parameter compositions into addition. If ts
is obtained by composing t1 and ty in the chosen parameterization, then

Cja(t3) = Cja(tl) + qNa(t2)-
We assume that such a map exists and is strictly monotonic in t on the considered parameter range. For
translations, 4,(t) = t; for positive scaling, §,(t) = logt.
For cyclic components, parameter addition is performed before reduction modulo the period, or within a
chosen interval in which the considered compositions do not wrap around.

Definition 5 (Augmentation-Induced Style Displacement). Let a;(t;) € A be an augmentation with param-
eter t; € Tq,. For z = (s,u) € Zirain, define the induced style displacement A, (¢;,2) by

a;i(ti, o(s,u)) = ‘P(S + A, (t, z),u).

Here, u is preserved by Assumption 1, and addition is taken in the chosen style coordinates. For a cyclic
component with period p, the endpoint relation determines the displacement only modulo p. For each aug-
mentation call, we fix one real-valued displacement consistent with this relation. The coordinate update adds
this displacement to the original coordinate and reduces the result modulo p.

D.3 Proof of Proposition 1

Setup. Stage 1 yields K normalized rotation centers {r,}2 , C S¢~1. In Stage 2 we fix these centers and the
Householder maps Hyry = eq, while recomputing c¢(x) = arg miny || f(x) — 7¢||2 from the current unit feature.
The formula for the assignment rule is fixed, not its value on each sample. We optimize Lequiv, Lradius and
Liheta from the main text.

Lemma 1 (Cluster-assignment preservation). Assume Assumption 1 and use the fized unit rotation centers,
orthogonal coordinate maps, and nearest-center assignment defined above. Suppose the radius and equivari-
ance residuals are zero on every original-augmented pair under consideration, with

d>2m+1, 0 < mw? < 1.

Po =V 2—2v1—muw?,

Amin = rggi? ||rf - TOHQ‘

Define

and, for K > 2, let

For K =1, set dpin = +00. If dmin > 2pw, then every pair (z,a(t,x)) under consideration satisfies
c(a(t, z)) = c(z).
Proof. Fix a pair (x,a(t,z)) under consideration, and write ¢ = ¢(x). The zero radius residual gives

I[Hef(@)]ill2 = [[[Hef(a(t, 2)]ills =w,  i=1,....m.

The zero equivariance residual gives

[Hef(x)]extra = [Hgf(a(t, x))]extra = €extras
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where .
—2
Coxtra ‘= (O7 ..,0,V/1 - moﬂ) € Ré—2m

is the fixed residual target in the equivariance loss.

Since Hy is orthogonal and Hyry = eq, for either y = z or y = a(t, ) we have

1 (y) = rell3 = || Hef (y) — eall3

= Z ITHe fW)]ill3 + | [Hef (9)]extra — [ealextrall?

2
:mw2—|—<\/1—mw2—l)
=2 —2v1— nmw?
=l

Consequently,
1 (@) = rell2 = | f (a(t, 2)) = rell2 = pu-

For K =1, the conclusion is immediate. For K > 2, suppose another center r,, with o # £, were at least as
close to f(a(t,z)) as ry. Then

[ f(a(t,z)) = rollz < [|f(alt,z)) — rellz = po-
The triangle inequality would give
dmin < [[re = 7oll2 < [lre — f(a(t, @))[l2 + || f(al(t, z)) = Toll2 < 2pu,
contradicting dpin > 2p,. Thus ry is the unique nearest center of f(a(t,x)), and

cla(t,x)) = c(z) = L.

The same geometric calculation applies to any candidate feature v € R satisfying
H[HKIU}'LHQ =w (Z = 17"'5m)7 [va]extra = Cextra-
It gives ||v — 7¢||2 = p., and the same center-separation condition makes 7, its unique nearest center. O

Proposition 7 (Perfect equivariance with three losses). Use the generative setting and notation above, and
assume the dimension, radius, and center-separation conditions of Lemma 1. The rotation centers and their

coordinate maps are fized. The angle bounds are given by Equation (17) and lie within (—m, ) by default. If
(%)

a bound is slightly enlarged to include exact half-turns, the allowed angles must still satisfy |9a(t)\ < 27 for
components included in Lipeta .
For each admissible augmentation, let A,(t, z) denote its style displacement, so that
a(ﬂ@(&“@) :¢(5+Aa(taz)7uk)7 = (Sauk)
For the construction below, component i is represented in plane ¢, and A((f) (t,z) = 0 whenever i ¢ S,.

Cyclic coordinates are interpreted according to their intrinsic periods, with A.(t,z) denoting a chosen real
displacement.

Suppose there exist nonzero constants c1, ..., ¢y such that:

1. Head inputs. Fach value ciA((f) (t,z) is determined by the inputs available to the corresponding angle
head g. For a parameter-only head, this condition requires the prescribed angles in this construction to be
determined by t alone. When the head also receives x = ¢(z), invertibility of ¢ ensures that these angles
are determined by (t,x).
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2. Allowed angles. Each candidate component gZ’(i) = ciA((f)(t z) lies in the prescribed output range. On
every augmentation call covered by the angular margin, the candidate components satisfy

> 1951 > eo.

1€S,

For each cyclic component with period p;, also require c;p; € 2wZ.

Then, in a function class containing the construction below, the three losses admit a common zero:
Eequiv = Eradius = Etheta =0.
With positive loss weights, this is a global minimum of the three-loss objective.

For empirical losses, the following conclusions apply to each positively weighted pair; for population losses,
they hold almost surely. Every common zero-loss solution satisfies perfect cluster-dependent equivariance on
the evaluated pairs:

Hc(x)f(a’(ta I)) = R(ea(t))Hc(w)f(z)7 C(a(ta ‘I)) = C(l‘)
FEvery augmentation call covered by the angular margin induces a non-identity block rotation and a nontrivial
feature change.

Proof. A common zero-loss solution. Using the residual target eextra from Lemma 1, choose fixed phases
Br,; and set

h;,l(‘gl)
* COS(CiSi + 5]@ z) * T :
o= (G N AT E g I
k, sin(e;s; + Br,i) k hzym(sm)
€extra

The invertibility of ¢ makes this a function of the observation. For cyclic components, ¢;p; € 27Z ensures
that the feature is unchanged by a full latent period. Moreover,

1£*((s, ue)) I3 = mw? + [leextrallz = 1.

The geometric calculation in the proof of Lemma 1 applies to this candidate and gives

If*(p(s,uk)) — rill2 = pu-

The center-separation condition makes 7 its unique nearest center. Hence c(p(s,u)) = k, and content
preservation gives the same assignment for its admissible augmentations.

Set ' _
9@ = AP (t,2).

These outputs are zero on unassigned planes. The head-input condition makes them functions of the allowed
inputs, and the allowed-angle condition ensures that they satisfy the prescribed output constraints.

By the sine—cosine addition formulas,
Rilsi+ APt 2) = Rlgy )b i(si)-
Together with the fixed residual, this yields

Hif*(a(t, (2))) = R(ga) Hr [ (#(2)).

Every style block has radius w, and both residual blocks equal eeytra. Thus the radius loss and both terms
of the equivariance loss vanish. The angular-margin condition also gives

max <o -y |g;’<i>|> ~0

1€S,
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on every augmentation call covered by the angular margin. All three losses are therefore zero, attaining their
common global minimum.

Now consider an arbitrary common zero-loss solution. Nonnegativity gives zero residuals on each positively
weighted empirical pair, or almost surely in the population setting. Fix such a pair and write k = ¢(x).

(i) Cluster preservation and nonzero blocks. Lemma 1 gives c(a(t,z)) = c¢(x) = k. Zero radius loss gives

I[H f (@)]ill2 = [[[Hy f(a(t, z))]ill2 = w >0
for every style plane.

(ii) Perfect equivariance. Zero equivariance loss gives

[ka(a(tax))]lzm = [R(ea(t))ka(x)]lma

and sets both residual blocks to eextra- Since R acts as the identity on the residual block,

Hy f(a(t, x)) = R(Oa)) Hi f ().
(i) Nontrivial feature changes. For every augmentation call covered by the angular margin, zero angular

loss gives _
S 105 > e > 0.
1€S,

Thus at least one ¢ € S, has 0 < \t‘)y()t)| < 2m, by the angle bound. For this plane, R(Gt(f()t)) # 1, and

[ f (alt, )] — [Hif (@)]ill = [ RO, Hif (@)]; — [Hi f (2)]:]3

(1)
2 [ “a(t)

= 4w?sin > 0.

Thus at least one feature block changes. The full block rotation is non-identity and, since Hy, is orthogonal,

flalt,z)) # f(x). O

Remark 1 (Dynamic cluster assignments). During Stage 2, cluster assignments are recomputed from the
current features, allowing the model to revise the initial assignments. Under the geometric margin and
pointwise zero-residual conditions of Lemma 1, an augmented sample has the same current assignment as
its original sample. Empirical classification and clustering results are reported in Table 2.

For the single-axis augmentation families analyzed in Appendices D.4 and D.5, we assume a common system
of style coordinates in which

Aai (ti, Z) = (jai (ti)eiv

independently of z. The scalar map §,, reparameterizes augmentation parameters so that admissible com-
positions are additive (Definition 4). Its strict monotonicity in ¢; ensures that a nonzero linear function of
{a, (t;) is strictly monotonic in ¢;.

D.4 Proof of Proposition 2

Definition 6 (Weak Disentanglement). Let i € {1,...,dsty} index a style variation component assigned

to rotation subspace i. For an augmentation a(t) and a sample x = p(z), let AP (t,z) denote the induced
displacement in this component (Definition 5). The representation f is said to be weakly disentangled with
respect to component i under a if:

1. Subspace correspondence: for every considered call (t,x), the feature block [H.e)f(x)]; is nonzero
and transforms as

Heoyf(a(t,2))); = ROD,) Hego f()]:.
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2. Monotonic correspondence: the rotation R(Q((j()t)) admits a common real-valued angle function of

A((f)(t, z) that is strictly monotonic on the considered displacement range. For every considered call with

At(f)(t, z) = 0, the corresponding rotation is the identity.
If, additionally, Agj)(t, z) =0 for every j # i and every considered call, we further require:
3. Subspace exclusivity: [H. () f(a(t,z))]; = [Hew) f(x)]; for all j #i.

D.4.1 Discrete Augmentations

Lemma 2. Let A = {a; (t,)}fl:{ be parametric augmentation families, with a; assigned to the i-th canonical

rotation plane. Assume that, in a common system of style coordinates, their induced displacements satisfy
Do, (tir2) = Ga, (ti) €3, where |a, (t:)] < Mgy,

for every z € Zipain and t; € T,,. Here, e; is the i-th standard basis vector of R d(()i) > 0 the canonical
step and M; € Ny a coordinate bound. For k € Z%w abbreviate k ® Gy := Zj k(j)q‘(()j)ej. Let K = {k € Z% .
|k®| < M;}. For each k € K, assume that a parameter tuple t(k) realizing k © Go is available whenever that
call is used below. Zero coordinates are implemented by omitting their augmentations.

A. Construction of D.

R1 Seeds. D°:={0,ey,...,eq,, }

R2 Two-of-three closure. Let k,ki,k+ ki € K. Use this triple only if there exist za,2p € Zirain
and zo € Z such that the augmentation calls using t(k), t(k1), and t(k + k1), respectively, have the
following endpoints:

kO®q k1Og (k+k1)O4
ZA i)ZB7 ZB l—qO>ZC, ZA#)ZC

All three calls must be admissible and covered by E1. Whenever two entries of the ordered triple
(k,k1,k + k1) belong to D", insert the remaining entry. The entries need not be distinct.

Iterating R2 yields an ascending chain D° C D' C ---; abuse D := U D",
n>0

B. Training-time equivariance. For each augmentation a;(t;), there is an angle network g; : Ta, —
[—7, 7). Assume the training salisfies:

E1 Cluster-wise perfect equivariance. All the data are assigned to the corresponding cluster deter-
mined by A. For any index set S C{1,...,dsy}, parameters (t;)ics, and all z € Zyqin, calling only

{ai(t:) }ics yields
flas(t,@(2)) = R gilti) ei) f(o(2)),
i€s
E2 Non-zero canonical angle. Hti) € Ta, such that a, (tg:)) = cj(()i) and gi(tgf)) = Géi) # 0.
E3 Nonzero style blocks. ||f§3(g0(z))|\2 >0 for all 2 € Zyaim and all i =1, dgty.

C. Conclusion. (i) D is well-defined and is the unique minimal subset satisfying Seeds + Two-of-three
closure. (ii) For any k € D, choose parameters t;(k) for the coordinates with k™ # 0, satisfying

G, (t: (k) = KD,
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and omit all other augmentations. Let t(k) collect these parameters and define the call’s angle vector by

g(t(k) = D ai(ti(k))es.

i: k(D £0

Write 6y = (9(()1)7 . ,QSdS“y))T. Then
R(g(t(k))) = R(k © bo)-

Consequently, for each plane ¢ there exists a strictly monotonic function g,, on the corresponding parameter
range such that, for k € D with k() £ 0,

R(gi(ti(k))) = R(ga, (t:(k))).

Its construction from the canonical step is given in the proof.

Proof. (i) Apply R2 until no further vector can be added. Since K is finite, this process terminates. Every
subset of I containing the seeds and closed under R2 contains all inserted vectors, by induction. Hence the
final set is the unique smallest such subset and is independent of the order of rule applications.

(ii) We prove the linearity by induction over the depth at which k enters D.

Base.

o Zero vector. For k = 0, no augmentation is called, so g(t(0)) = 0 and the rotation is the identity.

e Unit vector e; Activate only the i-th augmentation with its canonical parameter tsz) and leave every other
augmentation uncalled: a;(t) = {ai(t(i))}. Because §q, (tgﬁ)) = (j((f) while all other displacements are zero,
the latent displacement equals e; ® §o. Perfect equivariance therefore yields

Fast? 0(2))) = Ri(gs(t) f(o(2)),
and E2 gives gi(tﬁ)) = Héi) # (0. Consequently
g(t(e)) = (0,...,05),....0) = e; @ by.

Hence g(t(k)) = k ® 6 holds for every k € D°.

Induction step. Assume R(g(t(£))) = R(£ ® ) for V¢ € D™. Let R2 add the previously missing vector of
the triple (k, k1, k+ k1). By the admissibility requirement in R2, the same three training-time equations are
available regardless of which displacement is the newly inserted one. In the displays below z4, zp are the
supervised base points, and z¢ is their common endpoint.

Path I: zZA m—qi)> 2B f(sO(ZB)) =R(g(t(k))) f(e(za)),
Path II: 25 %za Flo(zc)) = R(g(t(k1))) F(2B)),
Path ITL: 24 C79%, o Flo(ze)) = R(g(t(k + 1)) Flo(24)),

Composing Paths I and I and comparing with Path III gives

R(g(t(k + k1)) f(p(za)) = Rlg(t(k1)) + g(t(F))).f (e(24))-

In each 2D plane the feature block is nonzero. Two planar rotations that agree on a nonzero vector are the
same rotation. Hence

R(g(t(k + k1)) = R(g(t(k1)))R(g(t(k)))-
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If the new vector is k + k1, multiply the two known rotations. If it is k£ or k1, multiply by the inverse of the
other known rotation. In all three cases the induction hypothesis gives

R(g(t(£))) = R(£© o)
for the new vector ¢. This completes the induction.
For each component, define one function over its whole parameter range by

6"
gai (tl) = ﬁ qai (tl)
do

The denominator is positive and the numerator is nonzero. Since §,, is strictly monotonic in ¢;, g, is strictly
monotonic as well. For k € D with k(Y # 0, the rotation identity above gives

R(gi(ti(k))) = R(ga, (ti(k))).
This proves the claimed existence. O

Using the lemma, we now relate any two training features in the same cluster by rotations in their separate
style subspaces.

Proposition 7a (Discrete weak disentanglement). Assume E1-E8 of Lemma 2 and the following conditions:

A1 Rotation correspondence (Lemma 2): for all k € D, there exists a parameter collection t(k) as
defined in Lemma 2 such that
R(g(t(k))) = R(k © o).

A2 Chain connectivity: For any za,zp € Zirain With za ~4 zp, there exists a finite chain
ZA =20, 21y, 2n =25 (all in Zipain)

such that for each edge (z;,zj1+1) there exist augmentations u;'(tj) and uj (t;) with

9071(1‘;(25;_790(23‘))) = 5071(u]‘_(tj‘_7(p(zj+1)>) = Zj* €2z,

and associated style displacements kj ®© o and k; © go with k‘j,k; € D. Each call u;t applies a
subset of the families {a;}, uses the parameter tuple t(k:ji) from A1, and is covered by E1.

Then the representation f satisfies weak disentanglement (Definition 6) on the discrete grid. For any two
training points x4 = ¢(z4) and xp = p(zB) in the same cluster, choose a chain satisfying A2 and set

ko= (kf —kj) € zb.

Then

flap) =R(k® 60)f(xa)-
The accumulated style displacement is k®qy. Writing za = (sa,u) and zg = (sp,u), its i-th component equals

sg) — 5%) for a non-cyclic coordinate, and is congruent to this difference modulo p; for a cyclic coordinate
with period p;. Only the call indices k]i are required to lie in D; the accumulated index k need not. Different
admissible chains induce the same block-diagonal rotation.

Subspace correspondence follows from E1. The remaining requirements of Definition 6 hold as follows:

1. Subspace exclusivity: all feature blocks other than the i-th remain unchanged under a;(t);
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2. Monotonic correspondence: there exists a strictly monotonic function g,, on the considered parameter

range such that
R( a,(t)) R(gaz )

Proof. (Cluster-wise alignment). Fix an edge (z;, zj4+1) of the chain in A2. By perfect equivariance and A1l
(provides R(g(t(k))) = R(k ® 6y) on D),

Flo(z))) = R(UES ©60) F(e(2)),  Fe(z])) = R(kj ©6o) f(o(25+1))-

Equating and left-multiplying by the inverse rotation yields

Fle(zi41)) = R((KF = k7) © 60) fleo(z)-

Composing along j =0,...,n — 1 and using commutativity of block-diagonal rotations,
Flo(z)) = R(D_(kF = k7) © 00) Flp(za)).
§=0

With k defined above, this is the claimed feature relation. The endpoint displacement identities follow
by summing the style-coordinate changes, using ordinary equality for non-cyclic coordinates and equality
modulo the period for cyclic coordinates.

For another admissible chain with accumulated index k', both rotations map each nonzero style block of x 4
to the corresponding block of zg. By E3, the planar rotations must coincide, so

(kD — kD)o)€ 227 for every i.
Thus R(k ® 0) = R(E © ).

(Subspace exclusivity). Since the rotation R(k ® 6p) is block-diagonal with the i-th block equal to R(k(i)eéi)),
an orthogonal augmentation a;(t) that contributes only to k(@ leaves all blocks j # i unchanged, establishing
subspace exclusivity.

(Monotonic correspondence). Use the function constructed in Lemma 2:

It is strictly monotonic because 9 # 0 and the reparametrization is strictly monotonic. Condition A1 gives

R(0,1) = RG.(1))

on the considered grid. This proves monotonic correspondence in Definition 6. O

Remark 2 (Intuition). On the displacement grid covered by training, each learned rotation admits an angle
representation that is linear in . The linearity can be proved by propagating rotation composition relations
from single-step mowves to the covered displacement grid.

D.4.2 Continuous Augmentations

Definition 7 (Realized displacement). A scalar s € [—M;, M;] is a realized displacement along coordinate
i if there exist 2o, 21 € Zirain and an admissible call with parameter t; such that

Ga; (tl) =S, ai(tia @(ZO)) = 90(21)

Here, s is the real displacement in the chosen linearizing style coordinate; for a cyclic component, the coor-
dinate update is interpreted modulo its period.
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Lemma 3. Let A= {qa; (tl)}j:{ be parametric augmentation families, with a; assigned to the i-th canonical
rotation plane. Assume that, in a common system of style coordinates, their induced displacements satisfy

Aa,', (tZ,Z) = (jai (tz) €i, where (jat (tz) S [7M27M’L]7

for every z € Ziain and t; € T,,. Here, e; is the i-th standard basis vector of R%ty and [-M;, M;] C R is
coordinate bound.

Assume conditions E1 and E3 of Lemma 2. For each i, assume that g; : To, — [—m, 7| is continuous and
that Ga, : Ta, = [—M;, M;] is a continuous bijection with continuous inverse.

For every realized step s used in this lemma and every
del, = [_MzaMz] N (S + [—Mi,MZ'D7

assume the three-path comparison below is admissible and covered by E1, with 2y, 21 € Zirain and a common
endpoint zo € Z. The witnessing pair may depend on d; sample-independence of g; makes the resulting
angular identity common to all witnesses. Write

9i(d) == g:(d, 1 (d)), d € [—M;, M;),

and assume g;(d) # 0 for any nonzero displacement d. We have

2. For every non-zero realized displacement s satisfying the coverage condition, the one-step identity
holds on admissible pairs:

9:(d) —gi(d—s) =05 whenever d,d — s € [—-M;, M,], 0s :=g:(s) #0. (27)
Proof. For any z € Zipain, Condition E1 gives f(p(2)) = Ri(3:(0))f(¢(2)). By E3, the i-th feature block is
nonzero, so the identity implies g;(0) € 27xZ. Since g;(0) € [—m, 7], it follows that g;(0) = 0. This proves (1).

For a realized displacement s and any d € I, choose the witnessing training pair and common endpoint
supplied by the coverage assumption. The three calls give:

Path I: 20 N 21 f(ga(zd)) = Rz@z(s)) f(@(zo))v
Path IT: 2, 4=2%, F(e(22)) = Ri(Gi(d = 5)) Fle(=)),

dei ~
Path III: 20 — 29 flo(z2)) =R; (gi(d)) f(e(20))-
Composing Paths I and IT and comparing with Path III gives

Ri(5:(d)) f(9(20)) = Ri(Gi(d — 5))Ri(Gi(5)) f((20))

By E3, the i-th style block of f(¢(2p)) is nonzero. The two planar rotations agree on this block and therefore
coincide:

Ri(9:i(d)) = Ri(9:(d — $))Ri(9i(s)) = Ri(gi(d — s) + Gi(s)).

This first gives only ¢;(d) — gi(d — s) — Gi(s) € 2nZ. Define the left-hand side as Fs(d). By the coverage
assumption this holds for every d € I, and Fj is continuous there. Since I is connected and 277 is discrete,
F, is constant. At d = s it equals —g;(0) = 0. Hence Fy = 0 and g;(d) — gi(d — s) = 05 on I, with
0s = gi(s) £ 0. O
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Lemma 4. Under the assumptions of Lemma 3, let S C (0, M;] be a nonempty family of realized steps such

that, for every r,s € S, there exist m,n € Ny satisfying L := mr = ns € (0, M;]. Then the quantity
05
cs = #0 (s€9)

is well-defined (independent of s € S), and

@\i(d):CSd—f—Hs(d), Hs(d—s):Hs(d> (VSES),

on every subinterval where the pairs in Equation (27) are admissible. In particular, Hg is s-periodic for each

seS.

Proof. Apply the three paths in Lemma 3 at d; := jr (j =1,...,m), all of which lie in [—M;, M;]:

Similarly, using step s at ep :=¥s ({ =1,...,n),

Therefore

So the slope is independent of the realized step. Define the common remainder Hg(d) := g;(d) — cgd.

gi(s)

Hs(d) — Hs(d —s) = (@(d) —9i(d— 3)) - (d_ (d— 5)) = gi(s) — gi(s) = 0.

Therefore

Gi(d) = csd + Hs(d),  Hg(d—s) = Hg(d) (VseS).

(28)
O

Lemma 5. Under the conditions of Lemma 3, let S C (0, M;] be a nonempty family of realized displacements
satisfying the condition on common multiples in Lemma 4, so that cs = 05/s is well defined for all s € S
and Hg(d) := 9;(d) — csd is s-periodic on admissible pairs for every s € S. Suppose moreover that g; :

[—M;, M;] — R be L-Lipschitz:

9i(x) —gi(y)| < Lz —y|  Va,ye[-M; M.

(a) Uniform small remainder from the smallest step in a family. Assume S contains the

smallest magnitude step
Sy 1= argmin |s|.
seS

Then, using only the periodicity provided by Lemma 4 for the family S,

|Hs(d)] < 2L |s.].

(b) Near-loop slope matching across two families. Let S1,S2 C (0, M;] be two families satisfying
the condition on common multiples in Lemma 4, with slopes cs,,cs,. Suppose there exist r € Sq,

s € Sy and integers m,n # 0 such that, for some basepoint d € [—M;, M;], the chains

d— d+ mr, d—d+ns
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are admissible and the endpoints are §-close: |mr —ns| < §. Then

2L 6
max{ |mr|, |ns| }

|C~91 - CS2| <

and, for any x € [—M;, M;],
2L M; 6

max{ |mr|, |ns| }

’Hsl(.’L‘)—Hsz(.r)’ < Mi|051_032| <

Each remainder is 2L5-almost periodic across the stated multiple of the other family’s step:

|Hs, (d + ns) — Hg, (d)| < 2L3, |Hs, (d + mr) — Hg,(d)| < 2L6,

Proof. By Lemma 4 the quotient cg = /s is fixed for any s € S, and Hg(d) = g;(d) — csd is s-periodic for
each s € S on admissible pairs. Moreover, since g; is L-Lipschitz and 05 = g;(s) — 0 = g;(s) — g:(0),

_ |9i(s) — :(0)]
51

0

les| = <L for any s € S. (%)

(a) Uniform bound from the smallest step. Fix d € [—M;, M;]. By s.-periodicity (iterated along the segment
joining d to d — ks. € [—M;, M;] ), choose k € Z such that

d° :=d — ks« € [—|s4], |s«]] N [=M;, M;] and Hgs(d) = Hg(d®).
Then, using Hg(0) = g;(0) = 0 and Equation (),

|Hs(d)| = [Hs(d°)] = |g:(d°) — csd®| < [gi(d°) = Gi(0)] + |es| [d°]|
< LId°|+ L|d°| < 2L]s,].

This proves the claimed uniform bound.

(b) Near-loop slope matching and cross-almost-periodicity. By admissibility and additivity along the two
chains,

gi(d+mr) =g;(d) + m0, =g;(d) + mecg, 7, gi(d+ns) =gi(d) +nbs = g;(d) + ncs, s.
Subtract and use the L-Lipschitz property:
|mcs, r —nes, s| = |gi(d+mr) = Gi(d + ns)| < L|mr —ns| < L.
By the triangle inequality,

‘mcs1 r—mncs, S’ = ’mr (csy, —cs,) + cs, (M1 — ns)‘

2 [mr|les, — cs,| = les, |[(mr —ns)|
Then,

|mes, 7 —nes, s| + |cs,| [mr — ns

Csl - CSQ| § |mr|

L6+ |es,| |mr — ns|

||
Lé+ Lo
2ot Lo Using Equation (x)
||
_2Lo
- |
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Interchanging the roles of (r,m) and (s,n) gives

2L 6

cs, — ¢
| S1 52| = ‘ 3|
Combining the two bounds yields the displayed estimate for |cs, — ¢s,|,

2L 6
max{ |mr|, |ns| }

|Csl - 652‘ <

For the remainders,

‘Hsl(x) - H52($)| = |(052 - Csl)x‘ < |£U‘ |CSI - 052‘ <M, ‘051 — €Syl
which gives the second display.

Finally, for the cross-almost-periodicity, note that

|H51 (d+n8) - HSI (d)| = ‘/g\l(d—i_ ns) - ./q\l(d) —Cs, TLS’

= |ncg, s — cs, ns| = |ns| |cg, — cs, |-
Since Hg, is r-periodic and Hg, (d + mr) = Hg, (d)
|Hs, (d+ ns) — Hg, (d)| = |Hs, (d+ ns) — Hg, (d + mr)|.
Using the previously derived bound with the triangle trick, we have

|Hs, (d+ns) — Hg, (d)| = [gi(d + ns) — Gi(d + mr) — cs, (ns — mr)|
< |gi(d + ns) — Gi(d +mr)| + |cs, | |ns — mr|
<Lé+Li=2L54.

The estimate for Hg, is identical by symmetry. This completes the proof. O

Remark 3 (Intuition). Lemma 3 simply shows that along a fized style coordinate, each realized step s must
always induce the same angular increment 05, independent of where you start. Lemma 4 then says that,
within any family S of steps that share common multiples, these increments are all compatible: they define a
single common slope cg, and g; decomposes into a linear part csd plus an S-periodic remainder Hg. Under
the stated coverage conditions, Lipschitz regularity limits how much the angle can change between nearby
displacements. With a fized Lipschitz bound, smaller steps tighten the bound on the periodic remainder,
while paths that end close together relative to their accumulated displacements constrain their inferred slopes
to be close (Lemma 5). The following corollary gives sufficient conditions for the remainder to vanish, making
the angle exactly linear in displacement.

Corollary 1 (Linearity from either an irrational pair or sub-step refinement). Fiz a coordinate i and assume
Lemma 3, including its continuity, non-degeneracy and overlap-coverage conditions. Suppose either

(i) there are realized steps ; € (0, M;] and Bir; € (0, M;], with 8; € (0,1)\ Q; or

(ii) there is a realized step ro € (0,M;] and every ro/n, n € Ny, is realized with the same overlap
coverage.

In case (i), set ¢; = gi(ri)/ri; in case (ii), set ¢; = g;(ro)/ro. Then ¢; #0 and

H;(d) :==gi(d) —c;d =0 (d € [-M;, M;]), gi(ti) = ciGa, (ts).
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Proof. We give separate arguments.

Case (i): incommensurate pair r; and B;r;. Fix r; € (0, M;] realized and S; € (0,1) \ Q such that 8;r; is
realized. Write Gél) := g;(r;). The one-step identity with s = r; and the definition ¢; = 9(()1) /T give

H;(d) = Hy(d — ;) whenever d,d —r; € [-M;, M;].
We next compute the change in H; when its argument decreases by §;r;. For any [ with I,1—f;r; € [—M;, M;],

H(i)
Hi(l — Birs) = gi(l = Biri) — % (I —Biri)
i)

(
0

= (G0~ au(ar) ~ 2

1+658:

2

—@@fﬂ@@m%%)
— H,(l) - C, (29)

where we set _
C:=gi(Biri) — 0(()2)[31- (a constant independent of 7).
Since r; < M;, it suffices to analyze H; on I := (0,r;] C [-M;, M;] and extend by r;-periodicity. For m > 1,
define
dp =1 (1 = {mp;}) € (0,7;), (30)
where {2} = x— | z] is the fractional part. Since f3; is irrational, d,,, # §;7;: equality would imply (m+1)8; €
Z. The sequence satisfies dy = r; — B;1; and

dpm — Biri, dm > Biri,
dm+1 =
A — Biri + 74, dm < Birs.

Claim 1. For all m > 1,
Hi(dpy)=-mC, dm € (0,75). (31)

Proof of Claim 1. Base case m = 1: taking [ = r; in Equation (29) (both r; and r; — B;r; lie in I),
H;(dy) = Hi(r; — Biri) = Hi(r;) —C=0—-C = —C.

Induction step m — m + 1: If d,,, > By, then dy1 = dy — Biri € (0,7;) and Equation (29) with [ = d,,
gives H;(dm41) = Hi(dm) — C. If instead d,,, < B;r, then dpy1 = dm — Birs + 15 € (0,7;) and Equation (29)
yields H;(dy,) — Hi(dy — Biri) = C; by ry-periodicity, H;(dy, — Bir;) = Hi(dpm — Biri +1i) = Hi(dpmy1), hence
again H;(dpy+1) = Hi(dy,) — C. This proves Equation (31).

Claim 2. The sequence {d,,} is dense in (0, r;].

Proof of Claim 2. Since f; is irrational, the fractional parts {{mp3;} : m > 1} are dense in [0,1) (Kronecker’s
theorem). Equation (30) therefore implies that {d,,} is dense in (0,7;]. In particular, there is a subsequence
dm, — 0.

From Equation (31), H;(d,) = —mC. Since d,,, — 07 and H; is continuous with H;(0) = 0, we have
H;(dm,) — 0, hence —myC — 0. As my — oo, the only possibility is C' = 0. With C = 0, Equation (29)
gives H; (I — B;r;) = H;(l) on admissible pairs, so H; is both r;- and §;r;-periodic. From Equation (31) we
also have H;(d,,) = 0 for all m, so H; vanishes on the dense set {d,,} C (0,r;]; by continuity, H; = 0 on
(0,7;], and then by r;-periodicity H; = 0 on [—M;, M;].

Case (ii): periods accumulating at 0. By hypothesis, rn := ro/N is realized for every N > 1. Each pair

of these steps has the admissible common multiple 7o, so Lemma 4 gives the same slope ¢; and makes H;
ry-periodic on all admissible pairs.
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Fix d € [-M;, M;] and define
._ |d| —d—
/{EN = sgn(d) s dN =d k‘NTN.
TN

Then dy lies between 0 and d, and |dy| < rn. All displacement arguments in the stepwise comparison from d
to dy remain in [—M;, M;]. The overlap-coverage assumption therefore allows us to iterate the rn-periodicity
identity, giving H;(d) = H;(dy). Since dy — 0, continuity and H;(0) = 0 yield

Hi(d) = lim Hy(dy) = 0.
As d was arbitrary, H; = 0 on [—M;, M;].
In both cases, H; = 0 on [—M;, M;], hence g;(d) = ¢;d for all d € [—M;, M;]. Substituting d = §q, (t;) yields
9i(ti) = ¢i o, (t;) for all t; € To,.
Applying the same argument to all ¢ € {1,...,dg,} gives the linearity of g; in G,, for every i.

Consequently, there exists a strictly monotonic function g,, on the considered parameter range such that
9i (tz) = ga,i (tl) . O

Remark 4 (Intuition). The previous lemmas show that, along a single style coordinate, the angle can
be written as a linear function plus a remainder periodic within each admissible common-multiple family.
The irrational-pair argument independently matches the two increments before eliminating the remainder.
Corollary 1 uses an extra richness assumption on the realized steps (either an irrational pair of step sizes,
or steps that can be refined to arbitrarily small increments) to show that such a continuous, multi-periodic
remainder must in fact be constant. Since the remainder is zero at zero displacement, it must be zero
everywhere, so the angle becomes exactly linear in the latent displacement.

Remark 5 (Empirical near-linearity). Figures 10 and 11 show that predicted rotation angles vary approxi-
mately linearly with augmentation parameters over the sampled ranges on 3DIdent and 3DIEBench. With the
subspace radii kept near w > 0, a near-zero equivariance loss indicates close agreement between the predicted
and actual feature rotations.

In additive displacement coordinates, Lemma 5 bounds the periodic remainder and differences between slopes
under its stated coverage and Lipschitz assumptions. Corollary 1 gives sufficient conditions for exact linearity.

Proposition 7b (Continuous weak disentanglement). Assume cluster-wise perfect equivariance and nonzero
style blocks on all pairs used below, as in E1 and E3 of Lemma 2 and assume

B1 Angle functions (Corollary 1): for each coordinate i, there exist a monzero constant ¢; and a
strictly monotonic function ga, on T,, such that

Write g(t) == (g1(t1),- - -+ 9dur, (o, ) T and co := (c1,...,ca,,) "

B2 Chain connectivity: For any za,zp € Zirain With z4 ~ 4 zp, there exists a finite chain
ZA = 20,21,y 2n = 25 (all in Ziain),

such that for each edge (2;, zj11) there exist augmentations u;r (t;r), (o (t;) and a latent point z; € Z
with
o (] (1], 0(2)) = @7 (ug (8, p(2541)) = 25

FEach call u;t applies a subset of the augmentation families {al}fzq and is covered by E1. The

corresponding linearizing displacements m;r,m; € R%w are defined coordinatewise by m;-t’(z) =
+,(2)

Ga; (tji’(i)) € [—M;, M;] for each applied a;, and m; =0 otherwise.

52



Preprint, 9 November 2026

Then [ satisfies weak disentanglement (Definition 6) globally on each cluster. For any two training points
xq4 = o(za) and xp = @(zp) in the same cluster, write z4 = (sa,u) and zg = (sp,u) in the chosen
linearizing coordinates. For any chain satisfying B2 that connects these points, define its accumulated style
displacement by

n—1
m:= Z(mj' —m;) € R,

Then

f(xp) = R(m ® co) f(w4).
(7)

The resulting rotation is independent of the chosen chain. For a non-cyclic coordinate i, m(®) = Sp
For a cyclic coordinate with period p;, this equality holds modulo p;.

— .

Subspace correspondence follows from E1. The remaining requirements of Definition 6 hold as follows:

1. Subspace exclusivity: all feature blocks other than the i-th remain unchanged under a;(t);

2. Monotonic correspondence: there exists a strictly monotonic function g,, on the considered parameter
range such that
D\ _
R(eai(t)) = R(ga; (1))-

Proof. (Cluster alignment.) Since perfect equivariance is achieved, for a fixed edge (2, zj4+1) we have

Fle(z)) = R(g(u)) fe(z;)) = R(mT @ co) fe(2))),

where the second equality uses B1. Similarly,

Fp(z))) = R(mj & co) f(o(zj11))-

Equating and left-multiplying by the inverse rotation,

JE(LP(ZJ‘H)) = R((m;r —m;) O co) f(@(zj))-

Composing over j = 0,...,n — 1 and using commutativity of block-diagonal rotations,
n—1
Flo(zp)) =R _(mf —m;)@co | fe(2a)).
j=0

Setting m := E;’:—Ol (m]+ —m; ) gives the claimed rotation relation. For two such chains with accumulated

displacements m and m’, both rotations map each nonzero style block at x4 to the same block at xg. Hence
ci(m® — m'(i)) €2nZ  for every i,

so R(m ® ¢g) = R(m' ® ¢p). The coordinate identities follow by summing the shared-endpoint relations,
using ordinary addition for non-cyclic coordinates and addition modulo p; for cyclic ones.

(Subspace exclusivity.) The rotation R(m @ cg) is block-diagonal with the i-th block equal to R(m®¢;). An
orthogonal augmentation a;(t) contributes only to coordinate i, hence leaves all blocks j # 7 unchanged.

(Monotonic correspondence.) Define

gai (t) = Ciqai (t)
By B1, this function equals the network output g;(t) as a real-valued angle. Since ¢; # 0 and §,, is strictly
monotonic in ¢, the function g,, is strictly monotonic. In particular,

R(gt(li)(t)) = R(ga,(1)).

Together with subspace exclusivity, this proves weak disentanglement. The continuous assumptions give the
same conclusion as the discrete case and additionally identify the network output with g,, (¢) itself. O
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Remark 6 (Intuition). With the linearity established in Corollary 1, the chain-connectivity argument be-
comes a direct generalization of the discrete case (Proposition 7a). Each edge provides a rotation relation,
and composing these relations gives the rotation associated with the accumulated style displacement. Different
chains may accumulate different numbers of full periods in cyclic coordinates, but perfect equivariance and
nonzero style blocks ensure that they give the same final rotation.

D.5 Proof of Proposition 3

Setup. In the chosen linearizing style coordinates, write z4 = (sa,u) and zp = (sp,u) for two points in
the same cluster, and set v := sg — s4. Condition S2 below requires each comparison chain used in this
proposition to accumulate this displacement. We adopt the orientation convention ¢; > 0 for every plane
(which can be enforced by flipping plane axes if needed).

Definition 8 (Strong Disentanglement). A representation f is said to be strongly disentangled with respect
to variation component i under augmentation a if it is weakly disentangled with respect to that component
under a (Definition 6) and additionally satisfies:

4. Injectivity: within each cluster, the values of the corresponding variation component are in one-to-
one correspondence with feature directions in plane i over the considered support. For a non-cyclic
component, a suitable fized reference direction yields a single-valued, strictly monotonic angular
readout. For a cyclic component, values are identified modulo its intrinsic period.

Definition 9 (Canonical nonnegative feature angle on a style plane). Fiz the counterclockwise orientation
of each style plane. For the i-th plane, write

Fi(@) = (ui(z), vi(x)) € R?\ {0}

We measure angles between the directions of these blocks, equivalently between their normalized points on the
unit circle. For two connected points x4 = @(z4) ~4 xp = ©(2B), let v:= s — sa as above and define the
principal relative angle by

O (F(ep): Flaa)) = atan2(J5)(@a) x fQ)(@n), i (@a) - Fi) @)
= atan?2 (ui(xA) vi(xp) —vi(za) ui(zp), wi(xa)ui(zp) + vi(xa) vi(xB))

€ (—m, 7.

Define the canonical feature angle

5N F 07 (f(zn); [

OV (f(xp); f(x = _ _

i (f(xp); f(xa)) {efr(f(xB);f

and the directed feature angle (follow the sign of v) by
05" (f(zp); f(xa)) €0,2m), v >0,
O (f(xp); f(xa)) —2r € [-2m,0), v® <.

(
(

), ;" >0,

TA
xa))+ 2m, efr <0,

0N (flap); fza);v®) =

The argument v(?) in O¢Ir selects an orientation using the latent displacement sign. Thus this is an analytical
characterization, the feature-only readout is given in the post-processing subsection.

Proposition 8 (Strong disentanglement). Let A = {al(tl)}f:i be orthogonal augmentations, with a; acting
on component i and assigned only to rotation plane i. Fix a cluster Cx on the support covered by the
corresponding weak-disentanglement result. Assume:

S1 Monotonic angle correspondence. Under the conditions of Corollary 1 (continuous case) or
Lemma 2 (discrete case), the preceding results construct a strictly monotonic function g,, such that

R(gi(ti)) = R(Ga, (t:)),  Ga,(ti) = cida, (t:), ¢ #0.
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In the discrete case, these relations hold for the parameters t(k) with k € D, and ¢; = eé“/qé“. Only
equality of the rotations is needed below; the discrete network output need not equal ¢;Gq, (t;).

S2 Cluster-wise reachability. The perfect-equivariance, nonzero-block, and chain-connectivity con-
ditions of Proposition 7b (continuous case) or Proposition 7a (discrete case) hold on Cy. Each
comparison chain uses the admissible, supervised calls covered by S1, with total additive displace-
ment v = Sg — SA.

For every connected pair in Cl, the directed angle satisfies

RO (F(ap): flea)v™)) = Rlew). (32)

For a non-cyclic component i, let its values on this support lie in [ak;, by ], where ay; < bg,;. Suppose the
full-data no-wrap condition holds:
lei|(br,; — ak,;) < 2. (33)

Then ~ -
O (f(en); flaa)v®) = e, (34)

Moreover, there is a fived unit reference ey ; € S' for which the angular readout

f(i) (x) := atan2 (e;C i X s(t27($)7 ki fs(t?,(x)) (35)

is single-valued, depends only on component i, and is strictly monotonic in that component within Cy. Thus
f is strongly disentangled with respect to every non-cyclic component satisfying Equation (33). In the discrete
case, this conclusion concerns the specified grid, not unobserved values between grid points.

Proof. (i) Rotation between two points. Fix a plane ¢ and a connected pair x4 = p(z4), v = ¢(zp) in
Ck. By S1, a call with additive displacement d on plane i has the same rotation as R(c;d). Along each
shared-endpoint edge in the chain of S2, write the two displacements as d;L and d; . Their common endpoint
gives ‘ .
R(eid)Jii () = Rleid;) ) J3(j40),
and hence
sty :EJ+1 R(C’L )fsty( )
By S2, the edge displacements sum to v(®) = sg) —

fsty( ) ( )fsty( ) 0= civ(i)' (36)

This argument uses the rotation equalities, not real-valued additivity of the discrete network outputs.

s X). Composing the rotations gives

(ii) Directed angle under the no-wrap condition. Define the unit directions

f§z;<xA> N ANCT)
IR @l |Fss)llz
Since rotations preserve norms, Equation (36) gives b = R(f)a. Hence,

a-b=cosb, a X b=sinb. (37)

Thus
6" = atan2(sin 6, cos ),

which implies

R(6P") = R(6). (38)
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The definitions of ©5" and O only add or subtract a full turn, so
R(6™) = R(5™) = R(0). (39)

This proves Equation (32).

Under Equation (33), 0] = |c;v?| < 27 for every such pair. By the orientation convention, ¢; > 0. If
v® >0, then 0 < 6 < 27, so O™ = ¢ and O = 9. If v <0, then —27 < 0 < 0, so 0§ =6 + 27 and
Odr = . If v = 0, both angles are zero. This proves Equation (34).

(i) Distinct component values have distinct directions. Equation (36) first shows that two points with the
same z(9) have the same direction on plane %, even if their other style coordinates differ. Conversely, suppose
two points have the same direction on plane i. A planar rotation fixes a nonzero vector only at integer
multiples of 27, so Equation (36) gives

ci(zg) 2 )) € 2.

Its absolute value is less than 27 by Equation (33). It must therefore be zero, and ¢; # 0 implies zg) = ZS).

Thus the plane direction depends only on component ¢ and is one-to-one in its value on the specified support.

(iv) A single-valued monotonic readout. Choose one point z, = ¢(z,) € C}, and set

Qi +bk,z P R(CZ i — (z) ) fsty( )

*

) ki ( K
2 17D @)

This is a fixed unit reference for the cluster and plane; it need not be the feature direction of an observed
sample. Normalizing Equation (36), applied between z, and any z = ¢(z), gives

Fo (@)
175 ()12

Hi,i =

—R( (z)—ﬂm )ek,i-

Furthermore,
(0 _ < leil(b,i — ar.q)
|ci(z tei)| < D)

Therefore the principal angle in Equation (35) equals this ordinary real angle:

<

FO(@) = (2D — ). (40)

It is single-valued and strictly increasing in z(*) under our orientation convention, and does not depend on
other style coordinates. Without reversing a negative-slope plane, the same construction gives a strictly de-
creasing readout instead. In either orientation, it is strictly monotonic. Together with weak disentanglement,
this proves the claim. O

Remark 7 (Intuition). The established rotation relation makes each feature direction depend only on its
corresponding variation component within a cluster. For a non-cyclic component with an angular span below
27, distinct values have distinct directions. Measuring angles from the midpoint of the covered arc then yields
a single-valued, strictly monotonic readout.

Remark 8 (Angle budget and the role of ). In Stage 2, the learned rotation is generally vector-valued:

_ (p(1) (m)
ea(t) = (ea(t)’ Tt ea(t))’

where each component corresponds to one SO(2) subspace. Hence, the no-wrap condition in Proposition 8 is
imposed component-wise rather than on the norm of the whole angle vector. Let S, denote the set of rotation
subspaces assigned to augmentation a. For every i € S,, we use the angle bound in Equation (17). The base
mnge (—m, ) represents all planar rotations except exact half-turns. If exact half-turns are needed, setting

77a slightly above 1 places £ inside the output range.
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For theoretical calibration, fix a variation component i and a cluster. Assume the within-cluster rotation
relation in Equation (36) holds throughout the cluster’s support with a common nonzero slope ¢;. Let L; > 0
denote the length of the component’s full coordinate range, taking L; = p; when the support covers a full
cyclic period p;. Consider an augmentation family a for which the theoretical assumptions yield the following
real-valued angle relation for x = p(z):

000y = cidD (¢, 2).
Define

M(gi) = sup
(t,2)

AD(t, 2)

9 na* . 9
’ Ll

where the supremum is over the considered augmentation calls and Méi) > 0. These quantities describe
an ideal calibration and are not assumed to be observed during training. The use of maximum absolute
displacement also accommodates one-sided and fixed-step augmentations.

With the chosen angle-bound parameter nl(li), Equation (17) gives

5 Li &
8i = || Ly < mpl) = = 2w T
M, Na,x

(@)

The reference value 1y 5 calibrates the angle bound to one full turn over the component’s full variation range.

For non-cyclic components, 0 < 77¢(1i) < 77,(112k ensures an angular span below 27, provided the angular-margin
constraint remains feasible. For example, when compatible with the prescribed output range, 171(11) = %77,(111

gives an upper bound of 47 /3.

For a component covering a full continuous period, periodic closure and a nonzero slope imply c;p; = 27wn for
a nonzero integer n. Choosing nf(fl < ngi) < 27]((12 accommodates a single turn within the open angle bounds
and ensures S; < 4m, forcing n = £1. A possible choice, when compatible with the prescribed output range,
18 nL(f) = %n((f)*, which gives an upper bound of 3m.

To initialize n((li), we can use the known augmentation magnitude and a coarse estimate of the corresponding

variation range in the data, when these can be compared in a common coordinate. These estimates provide
an approximate reference value nc(f))*, which guides the initial choice of the angle bound. The bound can then
be adjusted after inspecting the learned feature changes. When a comparable range estimate is unavailable, a

provisional per-call angle bound can be selected and refined in the same way.

After training, we can visualize the feature distribution of each cluster in its aligned rotation planes. For
non-cyclic components, an estimated occupied arc wider than a target such as 4w /3 suggests tightening the
bound and retraining. When wrap-around is unclear, we can track feature directions along sufficiently small
augmentation steps to estimate the accumulated angle. This helps detect repeated turns that a static feature
plot may hide. For full-period cyclic components, we can track these changes over a known period to check
for one complete turn.

D.6 Post-processing

Having established strong disentanglement, we can now read out the latent coordinate on each style plane
by a simple geometric post-processing of the feature angles.

Under the conditions below, the feature directions for a non-cyclic component lie within an arc of length
less than 27. When the sampling conditions in Corollary 2 hold, the complement of the selected largest gap
identifies this arc. Taking its midpoint as the reference direction yields an affine angular readout centered
at the midpoint of the latent support.

Under the full-period conditions below, periodic closure, a nonzero slope, and an angular span below 47
imply exactly one turn per latent period and distinct feature directions for distinct cyclic states. Its phase
is linear in the cyclic coordinate, with a fixed phase offset for each cluster, as established in Corollary 3.
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Corollary 2 (Principal-angle post-processing when the largest gap is the endpoint wrap gap). Fiz the i-th
style plane and an A-connected cluster c;, with non-cyclic latent support 29 € [ak, bg] (the range may depend
on the cluster ci). For each x = p(z), write

Fia(@) = (wilw), vi() € R\ {0},
and define its direction angle by
0(z) = atan2 (v;(z),u;(z)) € (—m, 7.

Assume the linear rotation relation in Equation (36) holds for every pair in the considered support of i, with

a common slope c(()i) # 0. This follows from Proposition 8 or Corollary 4 under their respective assumptions.
Suppose .
e8| (by, — ax) < 2m.

Then there exists a phase () € R/27Z such that
O(z) = céi) 20 4+ 30 (mod 2r) (41)

for every x = p(z) in this support. Assume the sample used to determine the reference direction contains
observations at both latent endpoints ay < by. Let

—T<b<---<b, <m, n>2,
be its distinct principal angles. Define
0p: =01 -0, (L=1,...,n—1), Op =01 +27 —0,.

Choose {* € argmaxi<<n 0¢. Assume the selected gap 0p+ is the gap outside the feature arc corresponding to
[ak, bi], bounded by the directions at these two endpoints.

Center of the covered arc (no explicit wrapping). Let
Op:=0p,  Op:=0p11 (with 0,1 =01+ 27).

Let L := 21 — 64+ be the angular length of the covered arc. Starting from Og, its midpoint is reached after a
counterclockwise angular displacement of L/2. Define the reference angle by

o = atan2(sin(f0r + L/2), cos(0r + L/2)). (42)
Finally, define the 1-D feature

FD(2) = atan2(sin(f(z) — a), cos(f(z) — a)) € (—m,7]. (43)
Conclusion (affine angular readout). For every x = p(z) in the considered support of ¢y,

. a b
) = ¢ (z(l) — ak;rk) :

This is an exact, continuous affine readout centered at the midpoint (ay, + br)/2 of the latent support. It is

strictly increasing when céi) > 0 and strictly decreasing when c(()z) < 0.

Proof. For any connected pair xg = ¢(20) ~4 © = ¢(z), applying the relative-angle formula to their
normalized feature blocks gives

0(z) — 0(z0) = OP(f(2); f(z0)) (mod 27).
This rotation relation gives, for every pair in this support:

O(x) — 0(xg) = c(()i) (z(i) - z(()i)) (mod 27).
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Set B4 1= O(x0) — c(()i)z(i)(xo) € R/27Z to obtain Equation (41).

(1) Largest gap = covered arc and its endpoints. By construction the n gaps {0,} partition the circle and
sum to 2m. Removing the selected largest gap dy« leaves a shortest circular arc that covers the sample used
to determine the reference direction; its endpoints are precisely the two unit directions with principal angles
fr and 0y, adjacent across dy«. By the endpoint wrap-gap assumption, these endpoints are the samples at
the latent endpoints 2 = a; and 2(¥ = b,. The complementary arc therefore corresponds to the entire
considered support and has length L = 27 — §p« € (0, 27).

(2) Midpoint of the covered arc. Starting at g and moving counterclockwise through the covered arc, its
midpoint is reached after an angular displacement of L/2. The midpoint angle is therefore 8 + L/2 modulo
27, and Equation (42) returns its principal value.

(3) Signed offsets about « are single-branch differences. Use a continuous lift ¢(x) of the covered data arc,
with midpoint ¢niq and length L < 27. Then «a = ¢iq (mod 27) and |¢(z) — dmia| < L/2 < 7. Therefore

J?(l)(x) = () — Pmid-

(4) Affine readout centered at the support midpoint. The modular-affine law and the endpoint wrap-gap
assumption allow the same lift to be written as ¢(x) = céz)z(i) + Bo with one real constant 3y on the covered

arc. Its endpoint angles have signed difference c(()i)(bk — a) and absolute difference L; thus the reasoning
also covers a negative slope. Their midpoint is

i) a +b
¢mid:C(()) kQ b

+ Bo.

Subtracting this midpoint gives

F(2) = ¢y (z(i) - ak;bk> .

Continuity follows since no sample sits on the cut, and Step 3 used signed principal differences. O

Corollary 3 (Single-period cyclic component determines the slope (clusterwise phase)). Fiz a style plane
j and an A-connected cluster ¢, whose j-th variation component ranges over a full continuous period p > 0.
Assume nonzero feature blocks satisfying the linear rotation relation in Equation (36), with a common slope

c(()j) # 0, for all within-cluster comparisons using coordinates in I = [a,a + p). Assume the feature direction
varies continuously through a full period and returns to its starting direction at the end. Suppose further that

|céj)|p < Ar.

Then .
p e {—2r, 21}

Consequently, distinct values in I have distinct feature directions. There exist constants r; > 0 and Aj ), €

SO(2) such that
) 3 ()
() A cos(co z ) "
sty(()@(z)) Tj,k 7.k <sin(06j)z(j)) ( )

for every point in this support.

Proof. The rotation relation preserves norms, giving a constant radius r;, > 0. Continuity across the period
boundary gives R(céj )p)b = b for a nonzero reference block b. Hence c(()j )p = 27n for some integer n. The
nonzero slope excludes n = 0, and the bound \céj)\p < 4m excludes |n| > 2. Thus n = £1. For two
coordinates z, 2’ € I, equal feature directions imply c(()j)(z —Z') € 2nZ. Since |céj)(z — 2')| < 27, this forces
z = 2. Fixing a reference coordinate z(()j ) and its block phase ¢, set A, = R(¢o — céj )z(()j )). The rotation

relation then gives the stated form. O
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The argument uses continuity and closure over a full period. Injectivity on finitely many sampled cyclic
values alone does not rule out multiple turns.

Remark 9 (Global alignment after post-processing). Non-cyclic case. Under the conditions of Corol-
(4)

lary 2, a common latent coordinate, signed slope ¢’ , and support midpoint (a; + b;)/2 give

J/c\(i) (LU) _ cél) (Z(z) _ a¢—2§-bi)
across clusters. The scalar readouts therefore agree at matching latent values. Different support midpoints

introduce cluster-dependent offsets.

Cyclic case. We retain two-dimensional blocks to represent the full cycle continuously. Under the conditions
of Corollary 3, with a common latent coordinate and signed slope across clusters, phase correction gives

f(j)( (2)) = 13 <cos(céjj)z(1.'))> |

sin(cé])zm)

The corrected feature directions agree at matching cyclic values. The full feature blocks also agree when their
radii are equal, as under CRED’s zero radius loss, where r;, = w.

D.7 Proof of Proposition 4

Proposition 9 (Linearity extension to composite augmentations). Let Agingle = {a;};™ SW be the augmentation
families satisfying the assumptions of Corollary 1 in their respective coordinates. Let aas € A\ Agingle be a
composite augmentation. For every considered pair (tas, Zas) € Tas X Ztrain, assume that the composite call
satisfies perfect equivariance and admits a finite chain satisfying the conditions below. Write a5 = ©(zas)
and v := Aq,_(tas, zas), With the displacement expressed in the chosen linearizing coordinates. The chain is

20 ‘= Zasy Rly---5%n—1 € Ztraina Zn = Sp_l(aas(tasa mas))

(zn need not lie in Ziain ). Every call uji below applies a subset of Asingle and is covered by the equivariance
condition E1 of Lemma 2; omitted families have zero displacement.

1. For each interior edge (zj,zj+1) with j = 0,...,n — 2, there exist augmentations u;'(t;'), uj (t;) and
an intermediate point 2§ € Z with

o (uf (6, 0(2))) = ¢~ (uj (87, (2541))) =: 2],

£

J
+.(9)

and corresponding §-displacements m>= € R%w defined coordinatewise by m;-t’(i) = qa.(tf’(“) €

[—M;, M;] for each applied a;, and m; =0 otherwise.

2. For the terminal edge (z,_1,2y), there exists an augmentation u) (¢t} ) satisfying

p(zn) = u:—l(ti—lv P(2n-1))-

Equwamance is imposed on this call from z,_1 € Zirain, S0 NO augmentatzon starting at z, is needed.
Define m,, (1) = G, (1?+ (2)) € [-M;, M;] for each applied a;, and m 1) =0 otherwise.

n—1

Require the accumulated displacement of the chain to equal the displacement v of the composite call:

n—2
= Z(mj‘ —m;) —|—mj;71.

(=)

For cyclic components, this equality is required before reduction modulo the period. Under these conditions,
the learned angle vector gas : Tas X X — [—m, 7|%w satisfies

98 (tas, Zas) = ;v (mod 27)  for every i. (45)
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If |c;v | < 7 for every i, then
gas(taS7 xas) =cy O. (46)

Equation (45) establishes weak disentanglement (Definition 6, conditions 1-2) for each affected component
under a,s on the considered pairs.

Proof. Write z; := ¢(z;).

Interior edges. For each j =0,...,n — 2, perfect equivariance applied along the two routes to 2z} gives

R(co ® mj) Flz) = f(ﬂ) = R(co ©m; ) Fzj41),

hence
f(xj1) = R(co © (mf —m])) flay).

Terminal edge. One-sided equivariance from x,_; to z,, yields

flan) = Rlco © myi_y) flwn).

Composition. Composing all n steps and using the fact that rotations on distinct planes commute (and
rotations within the same plane add their angles),

n—2

Flan) =R | co© (3 (mf —m7)+mi_) | fwo) = Rico © ) fao).

j=0

Perfect equivariance of the considered composite call gives f(2n) = R(gas(tas, Tas)) f(x0). By E3, every style
block of f(z¢) is nonzero. Comparing the two rotations on each block therefore gives

9 (tas, Tas) = ;v (mod 27)  for every i,

yielding Equation (45). If |¢;u()| < 7 for every 4, the congruence and gé(fs) (tass Tas) € [—m, 7] imply equality
as real numbers, giving Equation (46).

Disentanglement consequence. By Equation (45), the rotation in each affected plane admits the common
real-valued angle representation ¢;v("). Since ¢; # 0, this representation is strictly monotonic in the corre-
sponding displacement v(¥). Zero displacement yields the identity rotation. This establishes conditions 1-2
of Definition 6 on the covered calls. O

D.8 Proof of Proposition 5

Composite augmentation with a pure anchor. We consider a composite augmentation that induces
a new variation component together with variations covered by existing single-axis augmentations. At an
anchor configuration, it affects only the new component. For example, with x- and y-translation as the
existing augmentations, image-centered rotation changes both the position and orientation of an off-center
object, but only its orientation when the object is centered in the image. We use a gated composite head
that allows rotations only in the new plane at the anchor and in all style planes away from it.

Proposition 10 (Disentanglement of composite augmentations with a pure anchor). Let Asingle =
{ai(ti)}?;tfl be single-azis augmentation families with §-displacements Ay, (ti, 2) = Ga, (ti)e; and |Gq, (t:)| <
M;. Let aemp(t) € A\ Asingle be a composite augmentation affecting a new variation component indexed by
dsty. Assume:

(A1) Pure at an anchor fiber. There exist J C {1,...,dsy — 1} and Z; such that, on the fiber
Fr(zy):={z:ms5(2) = z;},

Aoy (t:2) = Gacny (1) €days [acmy ()] < May,, -
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(A2) Chain coverage off the anchor. For each considered off-anchor pair (t, z), the composite endpoint
0 Yacmp(t, 9(2))) is connected to z by a finite chain with the shared-endpoint and terminal-edge
structure of Proposition 9. FEach call either applies a subset of Asingle covered by E1, or applies
aemp olone from a source in Fj(Zy). All sources lie in Zivain, all calls satisfy the stated perfect-
equivariance constraints, and all source feature blocks are nonzero. For an anchor call with parameter
T, assumption (A1) gives its displacement as m = qq.,,,(T)ed,,. Let v(t,z) := Aq_, (t,2) be the
displacement of the composite call. Require the chain to satisfy

n—2
’U(t, Z) = Z(m;’_ — mj_) + m;f_l € Rd“y, mji,(z) S [*Mi, Mz],
7=0

with equality before reduction modulo the period for cyclic components.

Gated composite head. We define a selector S : Rl — {0,1}%w that opens only the new channel at
the anchor and all channels off it:

I
N
<

Cduys  TI(2)

la,,, ms(2)# ZzJ,

S(ms(2)) = {

and constrain the composite head gemp : RVIxT, —— [, 7]%w to satisfy

cmp

Gemp(11(2),t) € S(77(2)) @ [~ m] %

Conclusions. Under perfect equivariance (Lemma 2), nontriviality of gemp on nonzero displacement, and
the linearity given by Corollary 1 for both single-axis and pure-anchor cases:

(C1) Disentanglement of the new component at the anchor. There exists cq,,, 7 0 such that for

all z € FJ(ZJ),

g8 (Z7,) = Cay Gaemy (), 980 (Z0,8) =0 V) # digy-

In particular, f satisfies weak disentanglement (Definition 6) with respect to the new component dgiy,

under acmp on the covered calls with sources in the anchor fiber.

(C2) Axis decomposition off the anchor. For the off-anchor pairs (t,z) covered by (A2),

Gemp(my(2),t) = co @ v(t,z) (mod 2w per axis),

where ¢g = (cq, .. .,cdsty)—r combines the slopes of the original augmentations and the new slope

established in (C1). This congruence establishes weak disentanglement for each affected component
i € {1,...,dsty} on the covered calls. If |c;v ™ (t,2)| < 7 for every i, then

gcmp(ﬂ'J(Z), t) =cyg© U(t, Z)

Proof. (C1) At the anchor. On F;(Z;), assumption (A1) gives A, (¢, 2) = Gao, (t) €4, - Since the selector
closes all channels except dsty, géﬁp(g J,t) = 0 for j # dsty. Applying the single-axis linearity (Corollary 1)
on the dgy-th plane,

g((:%g) (EJv t) = Cdgyy qaclnp (t)a
with ¢4, # 0 by the nontriviality assumption. Hence the predicted angle is strictly monotonic in the induced
displacement G, (t), verifying weak disentanglement (Definition 6) with respect to component dg, on these
covered anchor calls.

(C2) Off the anchor. For the off-anchor pairs (¢, z) covered by (A2), the original augmentation calls have
the rotations established by Corollary 1 and E1, while the anchor calls have those established by (C1).
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Thus, each call in (A2) induces R(cy ® m). Repeating the shared-endpoint chain argument from the proof
of Proposition 9 and comparing with perfect equivariance of the composite call yields, modulo 27 per axis,

Gemp (77 (2),t) = co ® v(t, 2).

For each affected component, this congruence gives the common real-valued angle representation ¢;v(?(t, z).
Since ¢; # 0, it is strictly monotonic in the corresponding displacement in the linearizing coordinates. This
establishes weak disentanglement on the covered calls, including for the new component. If |c;o® (t, 2)| < 7
for every i, the congruence and the head’s output range imply

Gemp (77 (2),t) = co ® v(t, 2). O

Corollary 4 (Strong disentanglement under composite augmentations). Under the assumptions of Propo-
sition 9 or Proposition 10, fix a cluster Cy on the considered support. Assume its intra-cluster connectivity
is witnessed by calls for which the corresponding rotation—displacement relations have been established. Use
cluster coordinates Hy, with nonzero feature blocks, and let ¢; # 0 be the common slope for component 1.

For a non-cyclic component taking values in [a;, by ;], the same no-wrap condition
|Ci|(bk,i — ak,i) < 27

yields strong disentanglement. In particular, a suitable fixed reference direction gives the angular readout

2y — o () Wi T Ok
FOw) =i (50 - 100,

which depends only on component i and s strictly monotonic on its considered support.

For a cyclic component with intrinsic period p; in the chosen style coordinates, the condition
Cip; = +27r

yields strong disentanglement with component values identified modulo p;.

Proof. Write h;(x) = [Hyf(z)];. For two consecutive points z;,x;41 in a shared-endpoint chain, let d;r
and d; denote the corresponding displacements in component ¢. Perfect equivariance and the established
rotation—displacement relations give

R(cidf)hi(x)) = R(cidy Yhi(zj41),

and therefore
hi(xj41) = R(ci(d) — dj)) hi(z;).

For a non-cyclic component, composing along the chain yields
I = Rlec (1) (@) 1y
i(zp) ci(sg’ —s4’) ) hi(za).

The no-wrap condition then gives injectivity and the stated angular readout by the same argument as
Proposition 8.

For a cyclic component, the accumulated displacement can differ from sg) - SEZ) by an integer multiple of
p;. Since ¢;p; = £2m, this difference leaves the feature rotation unchanged. The nonzero feature blocks thus
have the same direction if and only if

sg) — SEZ) € pil..

This establishes injectivity modulo the intrinsic period. O
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Remark 10 (Training with pure indicators and a fixed gating code). The anchored extension uses prior
knowledge of the augmentation to specify configurations satisfying (A1). For example, an object centered in
the image changes orientation but not position under image-centered rotation. Let Xpyre C Xirain denote
samples at such configurations. Identifying or constructing this subset requires information about the anchor
condition, such as object position in this example, but not the full latent vector z. The exact guarantee
assumes (A1); using near-anchor samples instead would be a practical approzimation. For image-centered
rotation, an object whose center is within distance § of the image center changes position by at most 26.
Assign the same fized gating code to all samples in this subset:

h(z)=0¢€ R Jor all x € Xpure (the code is not learned).

To use h(zx) in the selector, replace its anchor value Z; with 0 and require h(x) # 0 outside Xpure. The gate
then opens only channel dyy on Xpure and all channels elsewhere. As a soft alternative to the explicit gate,
one can penalize the other output channels on pure samples:

['gate = ExEXpure,t Z (ggf'l?lp(h'(x)7t))2'
i#dsty

This penalty encourages those outputs to vanish. The proposition requires them to be zero on the considered
pure calls. Under (A2), perfect equivariance makes each covered off-anchor rotation agree with the rotation
determined by the single-azis and pure-anchor constraints along its comparison chain.

Role of the fized code. Fizing h(xz) = 0 on pure samples makes the anchor prediction depend only on t,
so the same parameter produces the same predicted angle across these samples. This provides the sample-
independent angle function used in the single-axis linearity analysis. Away from the anchor, the augmentation
can also change the other feature blocks. If the corresponding rotations depend on the sample, h(x) must
retain the information needed to predict them.
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